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Introduction

After
the introduction of fuzzy sets by Zadeh[16], reconsideration of the concept of
classical mathematics began. On the other hand, because of the importance of

group theory in mathematics, as well as its many areas of application, the
notion of fuzzy subgroups was defined by Rosenfeld [4] and its structure was
investigated. Das characterized fuzzy subgroups by their level subgroups in
[24]. Nobuaki Kuroki [1, 22] is the pioneer of fuzzy ideal theory of semigroups.
The idea of fuzzy subgroup was also introduced by Kuroki|[1, 22].

In 2007,Uckun, Ozturk and Jun [21] introduced the notions of intuitionistic
fuzzy ideals in I'-semigroups. Motivated by Kuroki [1, 22], Uckun et.al.
[1],Sardar et al.[1, 30] have initiated the study of I'-semigroups in terms of
fuzzy sets. We study the notion of intuitionistic fuzzy interior ideals and
intuitionistic fuzzy characteristic interior ideals of I'-semigroup. Finally, In
this study we will see characterization of simple I'-semigroup in terms of
intuitionistic fuzzy interior ideal.

This study will be organized as
follows:

Chapter I : I'-semigroups

1.1-semigroup

1.2-(m, n)-ideals in
semigroups:

1.3- I'-semigroup



Chapter II :Intuitionistic fuzzy sets:

2.1-Fuzzy set

2.2-Intuitionistic fuzzy
sets

Chapter III :Intuitionistic fuzzy interior ideals of I'-semigroups:
3.1-Intuitionistic fuzzy subsemigroups

3.2-Intuitionistic fuzzy interior ideals of I'-semigroup

References

[1] ATANASSOV’S Intuitionistic Fuzzy Interior Ideals Of T'-
Semigroups, U. P. B. Sci. Bull,, Series A, Vol. Iss. 3, 2011,
ISSN1223-7027.,pp45-60.

[2] A.lampan, Note on Bi-Ideals in I'-Semigroups, International
Journal of Algebra, Vol. 3,2009, 4, 181-188.

[3] A.Khan, T. Mohammod and M Irfan Alj, Fuzzy Interior I'-Ideals in
Ordered I'-Semigroups, J. Apple. Math. & Informatics Vol.
28(2010), No.5-6, pp. 1217-1225.

[4] A.Rosenfeld, Fuzzy groups, . Math. Anal. Apple., 35 (1971), 512- 517.



[5] Dragica N. Krgovic. On (m,n)-regular semigroups. Publications
Publications de I'institut mathematique nouvelle serie, tome
18(32),1975, pp.107-110.

[6] D.S Dummit and R.M. Foote, Abstract Algebra, John. Wiley Sons
Inc(2004).

[7] D.S.Malik and J.N. Mardeson, M. K. Sen, Fundamentals of
Abtract Algebra, Inc(1997).

[8] H.J.Zimmermann-Fuzzy set theory and its Applications, second
adition, 1991.

[9] I.Braja, Relation Q and Bi- Ideals in I'-Semigroups,
International Mathematical Forum, 4, 2009, No. 1, 33-38.

[10] John M. Howie, Fundamentals of Semigroup Theory, Published in
the United Stated by Oxford University Press Inc., New York, J. M. Howie
(1995).

[11] John N. Mordeson, Kiram R. Bhutani, Azriel Rosenfeld, fuzzy group
theory, springer-Verlag Belvlin Heidlberg(2005).

[12] K. H. Kim. Intuitionistic Fuzzy Ideals of Semigroups. Indain J.
pure apple. Math., 33(4):April 2002, 443-449.

[13] K.H.Kim,]. G. Lee. On Intuitionistic Fuzzy Bi-Ideal of
Semigroups. Turk ] Math 29(2005), 201-210.

[14] K. H.Kim, Y. Baejun. Intuotionistic Fuzzy Interior Ideals of
Semigroups. [jmms 27(5)(2001), 261-267.

[15] K. T. Atanassov, Intuitionistic fuzzy sets, fuzzy fuzzy sets, fuzzy
sets and systems, 20(1)(1986), 87-96.

[16] L.A.Zadeh, Fuzzy Sets, Information and Control, 8 (1965),
338-353.

[17] M.K. Sen and N. K. Saha, On I'-Semigroups I, Bull. Calcutta Math.
Soc. 78(1986), No. 3, 180-186.



[18] M. Shabir, Prime Bi-Ideals of Semigroups, Southeast Asian
Bulletion of Mathematics(2007) 31: 757-764.

[19] M. Shabir, Fully Fuzzy Prime Semigroups, Received 25 March
2004, 163-168.

[20] M. Siripitukdet and A. [amapan, On The Ordered n-Prime
Ideals in ordered I'-Semigroups, Commun. Korean Math. Soc.
23(2008), No. 1,pp. 19-27.

[21] M. Uckun, M.A. Oztiirk and Jun, Intuitionistic fuzzy sets in I'-
semigroups, Bull. Korean Math. Soc., 44(2007), No. 2, 359- 367.

[22]  N.Kuroki, On fuzzy ideals and fuzzy bi-ideals in
semigroups, Fuzzy Sets and Systems, 5 (1981), 203-215.

[23] P.Dheenaand S. Coumaressane, Characterization of Regular I-
Semigroups Through Fuzzy Ideals, Iranian Journal of Fuzzy Systems
Vol. 4, No. 2, (2007)pp. 57-68.

[24] P.S. Das, Fuzzy groups and level subgroups, J]. Math. Anal.
Apple., 85(1981), 264-269.

[25] Ranjit Biswas- Intuitionistic Fuzzy Subgroups, (1997),39-44.

[26] R.Chinram and C. Jirojkul, On Bi-I'-Ideals in I'-Semigroups,
Songklanakarin J. Sci. Technol.,, 2007, 29(1):231-234.

[27] R.Chinram and K. Tinpun, A Note on Minimal Bi-Ideals in
Ordered I'-Semigroups, International Mathematical Forum, 4, 2009,
No. 1, 1-5.

[28] S. Chattopadhyay and S. Kar, On Structure Space of I'-
Semigroups, Acta Univ. Palacki. Olomuc., Fac. Rer. Nat,,
Mathematica 47(2008) 37-46.

[29] Saliema Faraj. R. Hussain, A Study on Some Properties of Fuzzy
Ideals and Fuzzy Bi-Ideals of Semigroups, Mater of Science in
Mathematics, The 7t 0f April University, Libyan(2009).



[30] S.K.Sardar, S.K. Majumder and D. Mandal, A note on
characterization of prime ideals of I'-semigroups in terms of Fuzzy
Subsets, Int. ]. Contemp. Math. Sciences, 4(30) (2009), 1465-1472.

[31] Souriar Sebastian, S. Babu Sundar, Commutative L-Fuzzy
Subgroups, Fuzzy set and system68(1994), 115-121.

[32] Tero Harju, Lecture notes on semigroups-University of Tuku,
1996.

[33] T. K. Dutta and N. C. Adhikari, On Prime Radical of I'-
Semigroups, Bull. Cal. Math. Soc. 86 No. 5(1994), 437-444.

[34] T. K. Dutta and S. Chattopadhyay, On Right Strongly Prime I'-
Semigroups, Southeast Asian Bulletin of Mathematics(2009) 33:715-
725.

[35] T.K.Dutta, S. K. Sardar and S. K. Majumder, Fuzzy Ideal
Extensions of I'-Semigroups, International Mathemmatical Form, 4, 2009, No.
42,2093-2100.

[36] T.K. Dutta, S. K. Sardar and S. K. Majumder, Fuzzy Ideal
Extensions of I'-Semigroups via its Operator Semigroups, Int. ]. Contemp.
Math. Sciences, Vol. 4, 2009, No. 30, 1455-1463.

[37] V. N. Dixit, R. Kumar and N. Ajmal, Level Subgroups and Union of
Fuzzy Subgroups, Fuzzy Sets and Systems, 37(1991) 359- 371.

[38] W.B. Vasantha Kandasamy, Smarandache Semigroups,
American Research Press Rehoboth (2002).

[39] W.B. Vasantha Kandasamy, Smarandache Fuzzy
Algebra.American Research Press, Rehoboth (2003).

CONTENTS

The subject Page




N 13 1 = Lo o TRTPT [

| s N g Ye 18 Tot Uo) o UTTEURRT TR I1

1.1 RelationsS....cccee it 2
1.2 SEMIGIOUPS..cciuirieiee e erties et s s sr e e e sn e sre s sre e 5
1.3 (m, n)-ideals in SEMIGrOUPS......ceverieerer e 13
1.4 T-SeMIBIOUPS...coiiitiiriiriir et sr e e e s e e e 18

2.1 FUZZY SELS ..o itie ettt et s e e e e e 26

2.2 Intuitionistic fUZZY SetS......cccccvviivirien e 38

3.1 Intuitionistic SUDSEMIGIrOUPS......cvveriieveriee e e 51
3.2 Intuitionistic fuzzy interior ideals of '-semigroups.................. 59
S (=) (=) 0 (611 PSP PP PR PP 77

N 011 8 ir= U o |

| g N g Y6 L0 Uotn Uo) o T I1

) 3 CT F U (0] o RPN PPRRN 2
1.2 SEMIGIOUPS...uviiitiiririeirie et er e st sa e sr e s ss e s e sr e aes 5
1.3 (m, n)-ideals in SEMIGroUPS......ccvuerreirier i 13
1.4 T-SemMiGIrOUPS . .uviviiiii it e e e e e e 18

2.1 FUZZY SELS ..ttt e e e e e e 26



2.2 Intuitionistic fUZZY SEetS.....ccviviiinien s s 38
3.1 Intuitionistic SUDSEMIGIOUPS.......vveriieirier e e 51
3.2 Intuitionistic fuzzy interior ideals of I'-semigroups.................. 59

2] (=) Q=) S o= 77



Chapter One

[-Semigroups



Chapter two
Intuitionistic Fuzzy

sets



Chapter three

Intuituinistic fuzzy
Interior Ideals Of T~
Semigroups



Abstract

This study is devoted to the concept of intuitionistic fuzzy interior
ideals of I'-semigroup, by using Atanssov's idea and investigate
some of their important properties.We will see a characterization of
a simple I'-semigroup in terms of intuitionistic fuzzy interior ideals.






Chapter One: I'-Semigroups

This chapter is devoted to the concepts that we need in the following
chapters. The materials in this chapter are taken from the following
references: [2], [3], [5], [6], [7], [9], [10], [16], [17], [18], [19], [20], [22], [23],
[26],[27], [28],[29], [30], [33], [34], [35], [36], [37], [38].

1.1 Relations:

Some describe or define mathematics as the study of relations. Since a
relation is a set of ordered pairs, we get our first glimpse of the fundamental
importance of the concept of an ordered pair.

Definition 1.1.1:

If A and B are any non-empty sets, then the product (or Cartesian product )
AX B is defined by:

AX B ={(a,b):a € A,b € B}

Definition 1.1.2:

A binary relation or simply a relation R from a set 4 into a set Bis a
subset of 4 X B, and we write that aRb or (a,b) ER.

Definition 1.1.3:

Let R be arelation on the set S. Then (i A
relation R is called reflexive if (a,a) € R forall a € S.

(ii) Arelation R is called irreflexive if (a,a) € R forsome a € S. (iii) A
relation R is called anti-reflexive if (a,a) € R forall a € S.
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(iv) A relation R is called symmetricif (a, b) € R implies (b,a) € R for
any a,b € S.

(v) Arelation R is called anti-symmetric if (a,b) € R and
(b,a) € R implies a =b forall a,b € S.

(vi) Arelation R is called transitive if (a,b) € R and (b,c) €R
implies (a,c) € R forall a,b,c € S.

Definition 1.1.4:

Arelation Ron a set S is an equivalence relation, if R is reflexive,
symmetric, and transitive.

Definition 1.1.5 Let R
be an equivalence relation on a set .S. Then equivalence class of any element
a € S denoted by [a], or R, isthe set {x € S: xRa}.

Theorem
1.1.1:

Let R be an equivalence relation on a set S. Then (i) For
all a €85,[a] # 0.

(i) If b € [a] then [b] = [a].
(iii) For all a,b € S, either [a] = [b] or [a] N [b] = @.

(iv) S = Ugeslal, is the union of all equivalence classes with respect to R.
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Proposition 1.1.1: Any
equivalence relation on S gives a partition for Sand any partition for S gives

equivalence relation on .

Proposition 1.1.2: The
intersection of any family of an equivalence relations on S is an equivalence

relation on S.

Example 1.1.1:
Let §={2, 3,4,5}, and R, R,, R; are equivalence relations on S, such that:

R,={(2,2),(3,3), (4,4, (5,5),(2,5), (52)} R,={(2,
2),(3,3), (4, 4), (5,5), (2,5), (5,2),(2,4), (4, 2), (4 5), D}
R3={(2,2),(3,3),(44),(5,5),(2,5), (5 2),(2,3),(3,2),3,5), 5,
3)}

Then, N;_; R; = {(2,2),(3,3),(4,4),(5,5),(2,5),(5,2)}. And

Ui R =1{(2,2),(2,3),(2,4),(2,5),(3,2),(3,3),(3,5), (4 2),
(4,4), (4,5), (5,2),(5,3), (5, 4), (5,5)}

Itis clear that N7_, R; equivalence relation on S Now, (4,
2),(2,3)€ Ui_, R;,but (4,3) & U_, R;.

Hence the union of any family of an equivalence relations is not necessary an
equivalence relation.
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1.2 Semigroups:

Definition 1.2.1: A
binary operation * on a set . is a function:

*: §XS§—S.Forany a,b € S, we shall write

a * b instead of * (a,b).

Definition 1.2.2:

(i) A binary operation * on a set .S is commutative (Abelian) if :
axb=>b=xa forall a b €S.
(ii) A binary operation * on a set .S is associative if :

(axb)*c=ax(bxc)forall a,b,c €S.

Definition 1.2.3:

A groupoid is an order pair (S, *), where S is a non-empty set and * is
closed binary operation on .

Definition 1.2.4:

A semigroup is an order pair (S *), where S is a non-empty set and * is an
associative binary operation on 5.

Example 1.2.1:

The order pair (Z*, +) is a semigroup, where Z™ is the set of positive
integers.
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Example 1.2.2:

Let S= {1, 2, 3} be the non-empty set with the | *[1[2 |3 binary
operation defined by the multiplication as follows: ; 1 ; ;

Then S is a semigroup. (3|12 |3 Table

1.2.1

Definition 1.2.5:

A semigroup (5, *) is commutative if * is commutative, i.e.,
axb=>b=xaforall a b €S.

A semigroup (.5, *) which is not commutative is called non-commutative.

Example 1.2.3:

(N, +) is a commutative semigroup under usual addition, where N is the
set of natural numbers.

Definition 1.2.6:

Let ($ *) be a semigroup. If the number of elements in S is finite, we say
that § is a finite semigroup or a semigroup of finite order. Otherwise, S is
called infinite semigroup.

Definition 1.2.7:

Let (S *) be a semigroup. If there exist an element e € S suchthat a*e =
e*a Va € S,then “ e ” is called the identity element  of S

Chapter One: I'-Semigroups

Definition 1.2.8:
A semigroup with identity is called a monoid.




Example 1.2.4:

Let M,y ={(? Z) :a,b,c,d € Z }.Then M, is non-commutative monoid

under multiplication of matrices.

Definition 1.2.9:

If a semigroup S with at least two elements contains an element 0 such
that, for all x in S,

Ox=x0=0

We say that 0 is a zero element (or just a zero) of S, and that .S isa
semigroup with zero.

Example 1.2.5:

(R,.) is a semigroup where R the set of real numbers and ". " the usual
multiplication. Then 0 is a zero element of S.

Definition 1.2.10:

Let S be a semigroup. An element a € S is said to be an idempotentin § if
2
a‘ =a.

Chapter One: I'-Semigroups

Example 1.2.6: Ziy
under multiplication modulo 12 has 4 as an idempotent.



Definition 1.2.11

Let (S, *) be a semigroup. A non-empty subset 4 of § is said to be a
subsemigroup of § if A is itself semigroup under the same operation.

Definition 1.2.12:

For any two subsets 4,5 of a semigroup S, define their product by:

AB ={ab:a€ A,bEB}.

Remark 1.2.1:

Let ($, *) be a semigroup. Anon-empty subset A of S is said to be a
subsemigroup if A% € A, where (4, *) is a semigroup.

Example 1.2.7: The
set 4 ={(g 2) :a,b € Z} is a subsemigroup of M, (Z), under addition or

multiplication of matrices.

Example 1.2.8:

A={0, 2, 4, 8} is a subsemigroup of Z;, under multiplication modulo 12.

Chapter One: I'-Semigroups

Example 1.2.9:
Consider the additive semigroup S= (Q, +) where Q is the set of rationals.

Now, (N,+) is subsemigroup of S where N is the set of naturals.

Theorem 1.2.1:




Let S be a semigroup, let { A;:i € I } be a family of subsemigroups of S, and

let
T = Nier 4

With T # @. Then T is a subsemigroup of S.
Definition 1.2.13:

A non-empty subset 4 of a semigroup S is called
(i)Aright ideal of S, if AS C A.
(i)Aleftideal of S, if SA C A.

Example 1.2.10:

Let S be the set of all integers and M, (S), the set of all 2 X 2 matrices over
S. Then M, (S) is a semigroup under the usual multiplication.

_Jx 0] _[x .
Let A—{[y 0].x,yES},and B—{[O 0].x,yES}.
Then Ais a left ideal of M,(S), and B is right ideal of M, (S).

Chapter One: I'-Semigroups

Definition 1.2.14:

A non-empty subset A4 of a semigroup S is called ideal of §; if it is both left
and right ideal.

Example 1.2.11:

L. 11]2]3]




Let §={1, 2, 3 } be the semigroup defined |1 |(1|1|1| by the
following multiplication table: Table 1.2.2

N
—_
N
\S}

Let A={1, 2 }. Then Ais a subsemigroup of S.

And since SA={1,2}=A4,and AS={1,2 } = A Then 4 is aright and left
ideal of S.

Thus 4 is an ideal of &S.

Examplel.2.12:

A={0,4},and B={0, 2, 4, 6} are ideals of Zg under multiplication
modulo 8.

Lemma 1.2.1:

If Ais a (left or right ) ideal of a semigroup 5. Then Ais a subsemigroup of
S.

Chapter One: I'-Semigroups

Proof:
[fSAC Aor, AS € A,then AA € A, since A C S.

| Thus Ais a subsemigroup of S.

Lemma 1.2.2:

If A and Bare a left (right) ideals of a semigroup S with AN B # @, then
A N B is aleft (right) ideal of &.



Proof: Let
a € AN Bands € S. Then sa € 4, and sa € B, since 4Aand Bare ideals, and so
sa € AN B.Hence (AN B)S € (AN B). |

Definition 1.2.15:

A subsemigroup A of a semigroup S is called an interior ideal of § if
SAS C A.

Definition 1.2.16: Let S
be a semigroup and m, n non-negative integers. We say that § is (m, n)-

regular if it satisfies:
VaeS)@AxeS)(a=amxa").

(a® is defined as an operator element, so a’x = xa° = x).

Chapter One: I'-Semigroups

Remark 1.2.2:

If m =n=1thenasemigroup § is called regular.

Definition 1.2.17:

A semigroup S is called completely regular if it satisfies:

(Va€S)3x € S)(a =axa,ax = xa).

Example 1.2.13:



Consider the semigroup (Z, +) where Z is the set of integers and "+" the
usual addition, then § is a regular semigroup and is completely regular
semigroup.

Definition 1.2.18:

A semigroup S is called intra-regular if it satisfied:
(Va € S)Ax,y € S)(a = xa?y).

Example 1.2.14:

Let S be a kroneker semigroup, thatis, . hasazero 0,and xy =
{x if x=y

0 otherwise

And assume that | §| > 2.Since x? = x forall x € S, S is regular, intra-
regular and (m, n)-regular.

Chapter One: I'-Semigroups

1.3 (m, n)-ideals in semigroups:

Definition 1.3.1:

Let S be a semigroup. A subsemigroup A of § is called (m, n)-ideal of §, if
A satisfies the condition

ATESA™ © A oo eeeees e seseee e (1)

Where m, n are non-negative integers. (Here A° is defined as an operator
element, so that A°S = SA® = S). By is a proper (m, n)-ideal of S we mean
that A is a proper subset of S. The concept of (im, n)-ideal is a generalization
of one-sided (left or right ) ideals in a semigroups.



Remark 1.3.1:

If m=n=1then A4 is called bi-ideal or (1, 1)-ideal of §.

Example 1.3.1:

S=10, 1] is a semigroup under the usual multiplication, and let 4= [0,

%]. Then A is subsemigroup of .S, and since AS4 = [0, % ]€A. Thus Ais a bi-ideal
of S.

Example
1.3.2:

A=2N is a subsemigroup of N under the usual multiplication is a bi-ideal of
N (ANA=4N C 2N=4).

Chapter One: I'-Semigroups

Example 1.3.3:

Let S={0, 1, 2 } be the semigroup 0/ 1] 2 defined
by the following multiplication table: 0] 0/0] O Table
1) 0/1] 1
1.31
2] 0] 2] 2
Then sets {0}, {0,1}, {0,2} and {0, 1, 2} are bi- ideals of §

Example 1.3.4:

Let §={2,4, 6,8, ...} be a semigroup under the usual addition "+" and let 4
={4, 6, 8, ...}. Note (4, +) is a subsemigroup of S.

SAC A, A(SA)=ASA< A.Then A is abi-ideal of S.



Theorem 1.3.1: Let
{A;:1 € I } be a collection of bi-ideals of a semigroup 5. Then N;¢; 4; is a bi-
ideal of S if N;c; A4; # 0.

Proof:

Let A = N;¢; 4;. Now to show that A is also bi-ideal. Letx €
ASA, then x = asb forsomea,b € A and s € S. Thus x = asa € A; for any
arbitrary i € l as a, b € A;.

Chapter One: I'-Semigroups

So since A; is bi-ideal, then x € ASA € A; and therefore x € A;. Since i was
chosen arbitrary so x € A; forall i € I,then x € A and hence ASA C A.

Thus A = N;¢; 4; is a bi-ideal of S. |

Theorem 1.3.2:

Let S beasemigroup, 7 be a subsemigroup of $ and let 4 be an (mm, n)-
ideal of S. Then the intersection A NT is an (m, n)-ideal of the semigroup 7.

Proof :
The intersection A N T evidently is a subsemigroup of S.

(ANT)MT(ANT)* S AMSA™ € Ao (1)

Because of A4 is an (m, n)-ideal of S. And



ANT)"TANT) " S TMTT C T (2)

Therefore (1)and (2) imply

ANT)Y"T(ANT)"C ANT,

That is the intersection AN T isan (m, n)-ideal of 7. |

Theorem 1.3.3:

Let S be a semigroup, 4 be an (m, n)-ideal of S and let B be a subset of .S
satisfying either AB € A or BA € A.Then the products AB and BA are (m,
n)-ideals of S (m, n are positive integers).

Chapter One: I'-Semigroups

Theorem 1.3.4:

Let S be an arbitrary semigroup. If L isaleftidealand R is arightideal of
S, then the product RL is a bi-ideal of S.

Proof :
Since
(RL)(RL) € RL
The product RL is a subsemigroup of S.On the other hand
(RL)S(RL) € RSL € RL,
that is, the product RL is a bi-ideal of &.

If S isaregular semigroup, with, a € aSa for each element a in S, then the
converse of theorem (1.3.4) also holds. |

Theorem 1.3.5:




The product of a bi-ideal £ and a non-empty subset A4 of a semigroup §
is also a bi-ideal of §.

Theorem 1.3.6:

A subset A of aregular semigroup .S is a bi-ideal of § if and only
if S contains aleftideal L and arightideal R, such that

A=RL.

Chapter One: I'-Semigroups

Definition 1.3.2:

Let S be a semigroup. An ideal Pof S is called prime ideal of .S if for ideals 4
and Bof S, ABC P impliesthat AC P or BCP.

Definition 1.3.3:

Let S be a semigroup. An ideal P of S is called semiprime ideal of Sif for
ideal Aof S, A*> € P impliesthat A € P.

Definition 1.3.4:

A semigroup S is called right (left) simple if S itself is the only right (left)
ideal of &

Definition 1.3.5: A
semigroup S is called simple if it contains no proper ideal.




Example 1.3.5:
In Example (1.2.10), that S is not simple.
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1.4 I'- Semigroups:

Definition 1.4.1:

Let S and I' be two non-empty sets. Then .S is called a one sided TI'-
semigroup if there exists a mapping from SX I' X .S to S, satisfying:

(i) xyyeSvx,ye S, vVyerL.
(i) xBy)yz=xB(yyz)vVx,y,z€ S,VB,y€T.

Example 1.4.1:

Let T' be the set of positive odd numbers, and let S be the set of natural
numbers. Define xyy = x+y+yVx,y € S,Vy € I'. Then, N is a I'-semigroup.

Example 1.4.2:

If S =M,,«,(R)isthe set of mXn matrices and I is a set of some nXm
matrices over the field of real numbers, then we can define A, ,a, mBmn

such that



(Am,n Xnm Bm,n)ﬁn,m Cm,n = Am,n Xnm (Bm,nﬁn,m Cm,n)r

Where A, 5, By, Cun € S and @y, 1, Brum € T'. An algebraic system that
satisfying the associativity property of the above type is a I'-semigroup.

Definition 1.4.2:

Let S and I' be two non-empty sets. Then S is called a both sided T'-
semigroup if there exist mappings from SX I' X.§ to S, written as
(a,a,b) = aab, and from I' X X I" to [, written as

(a,a,p) = aap, satisfying the following associative laws:
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(aab)Bc = a(abf)c = aa(bBc) and a(afb)y = (aaf)by = aa(Bby), for all a,
b c€S andforall a,f,y €.

Example 1.4.3:
Let S be the set of all non-positive integers and I' be the set of all non-positive

even integers. Then § is a I'-semigroup where aab and aaf forall a,b € S
and a,f €T denote usual multiplication of integers.

Example 1.4.4:

Let §={3n + 2:nis positive integer} and I' = {3n + 1:n is a positive

integer}. Then S is a I'-semigroup whereaab =a+a+band aaff = a+a +
pforalla,b €S and «,f €T, + is the usual addition of integers.

Definition 1.4.3:
A mapping @ from a one sided I'-semigroup S to another a one sided I'-
semigroup 7 is called a homomorphism if

d(xyy) = ¢(x)y ®(y) forall x,y €S and y €.



Definition 1.4.4:

A T-semigroup S is called a commutative a both sided I'-semigroup if
ayb = bya forall a,b € Sand y €.
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Definition 1.4.5:

Let S be al-semigroup. A non-empty subset 4 of a I'-semigroup S is said
to be a I'-subsemigroup of § if AI'AC A4, (i.e, ifayb € Aforalla,b € A and

yerl).

Example 1.4.5:
Let §=1[0,1]and ={%:n is a positive integer}. Then S is a I'-semigroup

under the usual multiplication, let A = [O,%] be a non-empty subset of .5, and

since ayb € Aforall a,b € Aandy €. Then A isaTl-subsemigroup of §.
Definition 1.4.6:

A subsemigroup A of aI'-semigroup S is called an interior ideal of 5 if
STATSC A.

Definition 1.4.7:

Let S be a'-semigroup. A non-empty subset A4 of S is called
(i)leftideal of S'if STAC A.

(ii)right

ideal of S if AI'SC A.



Definition 1.4.8:

Let S be a I'-semigroup. A non-empty subset A of § is called an ideal of §
if it is both a left and right ideal of S
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Definition 1.4.9:

Let S be a I'-semigroup. A I'-subsemigroup 4 of S is called a bi-ideal of S if
AT STAC A

Example 1.4.6:

Let §=(0,1) andI' = {1}. Then S is a I'-semigroup under the usual
multiplication. Let N be the set of all positive integers. Forn € N, let 4,, =

(0,%) . Then A,, is a bi-ideal of S for alln € N.

Theorem 1.4.1:

Let S be a I'-semigroup and A; a bi-ideal of S foralli € I. If N;¢c; 4; # O,
then N;¢; 4; is a bi-ideal of S.

Proof:
Let S be a I'-semigroup and A; a bi-ideal of S foralli € I.
Assume that N;c; A; # 0. Let a,b € Njg;A;, mE€ Sand a,f €T

Thena,b € A; foralli € I. Since A; a bi-ideal of S foralli € I, then aab € A;
and aamfib € A;I'STA; € A; forall i € I. Therefore aab € N;¢; A; and

aamfb € N;e; A; foralli € I.

Hence N;¢; A4; is a bi-ideal of S.
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Definition 1.4.10:

Let S be a I'-semigroup. Then an ideal P of § is said to be

(i)prime if for ideals A, B of S, AI'B € P impliesthat AC P or BC P.
(ii) semiprime if for an ideal Aof S, ATA S P implies that 4 < P.

Definition 1.4.11:

A T-semigroup S is called left simple (right simple) if it contains no proper
left ideals (right ideals).

Definition 1.4.12:

A T-semigroup S is called simple if it contains no proper ideals, that is, for
any ideal 4 of S, we have A= S.

Example 1.4.7:

Let S be the set of all integers of the form 4n+1 and I' be the set of all
integers of the form 4n+3 where n isany integer. Then, S isasimple I'-
semigroup.

Theorem 1.4.2

Let P be an ideal of a I'-semigroup S. Then the following are equivalent:

(i) P is prime (semiprime).



(ii) forx,y € S,xI'STy € P =>x € Pory € P (resp.xI'STx € P = x € P).
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(iii) forx,y € S,x'y S P=>x € Pory € P (resp.xI'x € P = x € P).

Proof:

()= (ii):
Suppose that (i) holdsand xI'ST'y € P.Then<x>I<x>T'<y>T <y >C
P.

Since<x >I'<x>C P,<y >T <y >C P areideals of S, so by (i) we have
either<x >I'<x >C Por<y>I<y>CP.

By repeated uses of (i) weget x E<x >C Por y E<y >C P.

(i)= (iii):

Suppose that (ii) holds and xI'y € P. Then xI'sI'y € P as xI['sl'y ©
xI'y.

Hence by (ii), x € Pory € P.

(ii))= (i):

Suppose that (iii) holds. Let for two ideals 4, Bof S, AT'B < P. If possible,
suppose A € Por B € P.Then x € Aand y € B such that

x &€ Pand y & P. This implies that xI'y € P with x € P,y € P. Thisisa
contradiction to (iii). Hence either A € P or B € P.
Consequently P is a prime ideal of 5.

| And similarly for P is semiprime of .
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Definition 1.4.14:
An element x € S is called regularin S if x € xI'STx.

Definition 1.4.15:
AT-semigroup S is called regular if every element is regular.
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2.1 Fuzzy set:

In 1965 Zadeh [10] mathematically formulated the fuzzy subset concept.

He defined fuzzy subset of a non-empty set as a collection of objects with
grade of membership in a continuum, with each object being assigned a value
between 0 and 1 by a membership function. Fuzzy set theory was guided by
the assumption that classical sets were not natural, appropriate or useful
notions in describing then real life problems, because every object
encountered in this real physical world carries some degree of fuzziness.
Further the concept of grade of membership is not a probabilistic concept.

The materials in this chapter is taken from the following references:

[8], [11], [15], [16], [25], [31], [32], [39].
Definition 2.1.1:




Any function g from any non-empty set S into the closed interval [0, 1] is
called a fuzzy subsetin S.

The set of all fuzzy subsets of S is called fuzzy power set of § and is
dented by FA(5)=]0, 1].

Remark2.1.1: Ifs
is the universal set and A € S then the function X,:5—[0,1] such that

(1 if x€A
%A(x)_{o if xed

is called the characteristic function of 4 which is a fuzzy subset of S.
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Example 2.1.1:
Let §={1, 2,3,4,5}, A={1, 2,3}isasubsetof S.

The mapping ¢: $—[0, 1], suchthat X,(1)=1,=1,(X,(x)2) =1,%X,(3) =1,
X4,(4) =0,%,(5) = 0,is a fuzzy subset of S.

Example 2.1.2:

Let S be a set of real numbers, and ¢ considerably larger than 8 subset of .S

, can be defined as a fuzzy set. Where u(x) =
{O x<8

1+ (x—-8)2)"1 x> 8

Remark 2.1.2:

1. Ifthe universal set S is discrete, the representation of a fuzzy
subset x4 of S can be expressed by



p=2ulx;)/x;.
Where ) indicate the union of the elements p(x;) which is the membership
degree of x; .

2. If the universal set S is not discrete then, the fuzzy set is expressed by

p=Jsu/x

Where [ indicate the union of the elements of .
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Example 2.1.3:
Let §={3,4,5,6,7,8,9}, and i “integers close to 6 ” subset of .5, where u =

{C, u(x)) | u(x) = (1 + (x — 6)2)71} can be defined a fuzzy set as follows:
u=1{(3,0.1), (4,0.2),(5,0.5),(6,1),(7,0.5),(8,0.2), (9,0.1)}.
Can be written as :

©w=0.1/3+0.2/4+0.5/5+1/6+0.5/7 +0.2/8 +0.1/9 .

Definition2.1.2:

Afuzzy set 4 in S isemptyifandifu(x) =0 Vx € S.

Definition 2.1.3:

A fuzzy set 4 in S is universal ifandif u(x) =1 vx € S.



Definition 2.1.4:

Let u € FP(S). Then the set {u(x) | x € S }is called the image of u and is
denoted by p(x) or im(w).

Definition 2.1.5:

The support of a fuzzy set y, is a subset of the universal set Sdefined as:

supp(u) = {x € S : p(x) > 0}.
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Example 2.1.4:
Let §={0,1, 2, 3,4, 5, 6}. And i be a fuzzy subset of .5, defined by:

1 ={(0,0.3),(1,0.6),(2,1),(3,0),(4,0.7), (5,0.8), (6,0)}
Then supp(u) = {0,1,2,4,5}.

Remark 2.1.3:

4 is called a finite fuzzy subset if supp(u) is a finite set and an infinite fuzzy
subset otherwise.

Definition 2.1.6:

Let u be a fuzzy subset of a set S.For t € [0, 1] the set U ={x €
S |u(x) = t}is called a tlevel or “ -cut ” subset of the fuzzy subset p.

Us: = {x € S |u(x) > t} is called “ strong #level set” or “strong t-cut”.

Example 2.1.5:



Let §={0,1,2,3,4 }and let 1 ={(0,
0.5),(1,0),(2,0.3),(3,0.4), (4,0.9)},

Uos = {x € S:u(x) = 0.4} ={0,3,4}.
U ={x € S:u(x) =1}

t = 0.

Hso.4 = {0, 4}
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Definition 2.1.7:

Let Y € S and a € (0,1], we define ay, € FP(S) as follows:
_(a for xX€eY
ay(x) = {O for x € S\Y

If ¥ isasingleton, say {y}. Then ag,, is called fuzzy point or “ fuzzy singleton”
and denoted by a,, .

Example2.1.6:
Let S={a,b,c,d}and t € [0, 1] define u: S— [0, 1] by

_(t if xX=a
ulx) = {O if other wise

Then t, is fuzzy point.

Definition 2.1.8:

Let w,v € FP(S). Then i. u <
v “orv2u”if u(x) <v(x)VvxeS.



ii. ucovif u(x) <v(x)VvxeS andthere exits atleastone x € S such
that u(x) < v(x).

iii. u=vif u(x) =v(x) vxe€Ss.
Definition 2.1.9:

A fuzzy subset p of aset § is said to be normal if sup,cs u(x) = 1. A fuzzy
subset u of aset S issaid to be normalized if there exists x € S such that

ulx) =1.
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Example 2.1.7:

Let $= [0, 1] and define a fuzzy subset u: 55— [0, 1] by u(x) =x forall x
€ S. Then u is normal fuzzy subset also it’s normalized because there exist x
€ [0,1], such that u(x) =1.

Definition 2.1.10:

The complement of a fuzzy set, u® is defined by

ut=1-p.

Example 2.1.8:
Let §={1,2,3,4,..12},and

u=1{(1,03),(2.0.4), (3, 0.6),(4,0.7), (5, 1), (6,0.2), (7, 0.8), (8, 0), 9,
0), (10, 0), (11, 0), (12, 0)}.

Then p€ = {(1,0.7), (2, 0.6), (3, 0.4), (4,0.3), (5, 0), (6, 0.8), (7,0.2), (8, 1), (9,
1), (10, 1), (11, 1), (12, 1)}.

Remark 2.1.4:



We use the notation V for supermum and A for infimum.

Definition 2.1.11:

The union of two fuzzy subsets y and v of § isa fuzzy set A. Whose
membership function is related to those of y and v by:

A=@uv)=sup{u,v}=uVuv.
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Definition 2.1.12:

The intersection of two fuzzy subset ¢ and v of § is fuzzy set A. Whose
membership function is related to those of ¢ and v by:

A=wnv)=inf{u,vi=u Av

Example 2.1.9:
Let S ={a,f,y,0}and let
pu={(a,0.1),(5,0.5),(y,0.6),(5,0.3)}
v ={(a,0.3),(B,0.4),(y,0.6),(5,0.7)}.
Then

(pUv) ={(a,03),(0.5),(,0.6),(5,0.7)}
And

(1N v) = {(,0.1),(8,0.4),(,0.6),(5,0.3))



And

(S 01<t<03
{B,v,6} 03<t<05
(uUv), =<1y, 6} 05<t<0.6
{6} 0.6 <t<0.7
\Q 0.7<t<09
(S 0<t<0.1
{B,y,8} 0.1<t<0.3
wnv),=3{6v} 03<t=<04
{y} 04<t<06
N 0.6<t<09
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Definition 2.1.13:

Let {A;}ic; be any arbitrary family of fuzzy subsets of a set.
Then
L (U A)(x) = Vi (x) = sup;4;(x) .

ii. (N; 4)(x) = NA;(x) = infiA;(x).

Example 2.1.10:

Let S be the set of all real numbers, and let 4 be the set of all real

numbers which are close to 3, and let the membership function of 4 be
defined by:

A(x)=; X ES.

1+(x—3)2 "’
The set of all real numbers which are close to 5, may have

a membership function B defined by:

B(x)=———,x €S.

1+(x-5)2"’



—2)2
Then, (AU B)(x) ={ "%
1+(x—5)2 X 24
1
x<4
— 2 -
(AnB)(x) =14 o
1+(x—3)2 X =
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Definition 2.1.14:

If uand v are two fuzzy sets, the relative complement of u with respect to
v, denoted by u — v, defined by (u—v)(x) =
u(x) —v(x) providedthat u > v.

Definition
2.1.15:
The sum of two fuzzy sets ¢ and v is defined by

(u+ v)(x) = u(x) + v(x) provided that the sum

ux) +v(x) <1 forall x.

Example 2.1.11:

Let S={1,2,3,4} u and v be two fuzzy subset of S. ulx) =
{0.7 if x=1,2
05 if x=234

And

03 if x=1,2
”(x)‘{o.zL if x=34



Then,

wror=fly 1732

(04 if x=1,2
(“_”)(")‘{0.1 if x=34
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Definition 2.1.16:

The product of y and v is defined as (uv)(x) = u(x)v(x) forall x€S.

Definition 2.1.17:

The probabilistic sum of y and v is defined as: (u®
v)(x) = p(x) + v(x) — u(x)v(x).

Example 2.1.12:
Let $={1,2,3,4}and u,v be fuzzy subset of S.

s =fis i visa @={o3 § Yl5am@-
{0.15 if x=1,2

012 if x=3,4

WO =@+v-w={oes L T

Definition 2.1.18:

Let f be function from X into ¥, andlet p€ FP(X)and v € FP(Y), define




the fuzzy subset f(u) € FP(Y) and f~l(v) EFP(X) by Vy €Y.
) = (U EXSE =3 if [0 =0
0

other wise

Chapter Two: Intuitionistic Fuzzy Sets

And V x € X, f(u) is called img of u under f.

fTfw)(x) = v(f(x)), f~1(v) is called the pre-imge “or inverse imge” of v
under f.

Theorem 2.1.1:

Let f be a function from X into ¥ and g a function from Y into Z, then
the following assertions hold

1) Forally; € FP(X),i €1, f(Uies ) = Uier f(i) and so iy € iy =
fluy) € f(ua) ¥ g, 1y € FP(X).

2) Forallv; € FP(Y),j € ] where ] isanon empty index set
7 Ujevi) = Uje 1)),

7 (Njey v) =nje; 4 (vy).

And there forv, € v, = f(v;) € f(v,)V vy, v, € FP(Y).

3) fIF(W) 2uvu € FP(X)

In particular, if f is an injection,



Then fY(f(W)=u Vv u€FPX).

4) f(f_l(v)) C vV v e FP(Y),in particular, if f is a surjection,
then f(f 1(v))=v V v e FP().
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5 fWcSvoeucf )V ueFP(X)andVv € FP(Y).
6) gf(W) =(@°f)w) vV ueFPX).

Remark 2.1.5:

If A is a fuzzy set, it is not necessary that AU A° =S or AN A¢ = @. For
example let S = {«, 5,6}, and let A be a fuzzy setin S given by:

A={(a,1),(8,04),(5 0.7)

A¢ ={(a,0),(B, 0.6),(5,0.3)}. AU A =
{(a,1),(B,0.6),(5,0.7)} # the universal set.

ANA¢ ={(a0),(B,0.4),(50.3)} # the fuzzy empty set

Definition 2.1.19:

Let u; be a fuzzy subset of a set X; and u, be a fuzzy subset of a set X,, then
the fuzzy union of the fuzzy sets u; and u, is defined as a function.



f1 U poi X1 U X; > [0,1] given by (U p)(x) =

max (p; (x), 1z (x)) if x€eX;nkX,
1 () if x€Xi\X1NnX,
2 () if x€Xp\X1NX,

Example 2.1.13:
Let X;={0, 1, 2, 3,4} and X,={1, 3, 5, 7, 9} be two sets. Define y;: X; — [0, 1]
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0 if x=0,1

Uy(x) =40.2 if X =2
0.7 if x =34
1 if x=1,3

U, (x) =<0.5 if x=5
0.3 if x=179

Then the fuzzy union of the fuzzy sets y; and u,

(0 if x=0

0.2 if x =2
i x=13
(.ul U :uZ)(x) = 3 0.5 lf x =5
0.7 if x=4
0.3 if x=7,9

2.2 Intuitionistic Fuzzy set:

The concept of fuzzy sets give the degree of membership of an element in a
given set,” intuitionistic fuzzy set (/FS)” gives both a degree of membership
and a degree of non-membership. As for fuzzy sets, the degree of membership



is a real number between 0 and 1. This also the case for the degree of non-
membership, and further the sum of these two degrees is not greater than 1.

Definition 2.2.1:

An intuitionistic fuzzy set 4, in S is an object of the following form 4

={(x, Uy (x),v4(x))|x € S} or simply {1y, v4). Where the function u,: S — [0, 1]
and v,:S — [0,1] define the degree of membership and the degree of non-
membership, of the element, foreachx € S, 0 < u (x) + v,(x) < 1.
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Remark 2.2.1:

LI my(x) =1 —py(x) —vy(x), then my(x) is called the degree of
nondeterminance, of an element x € S, to the set 4

[Clearly m4(x) €[0,1]Vx € S]. 2.
Fuzzy set is particular case of the intuitionistic fuzzy set.

3. IfA isfuzzy set,thenm,(x) =0 Vx € S.

Operations on intuitionistic fuzzy set 2.2.1:

For every two “ [FS” A = (u,,v,4) and B = (ug, vg) we define the following
relations:

1. AcB o uyu(x) < ug(x) and vy(x) = vp(x),V x €S.
2. A=B&S AcCcB&BCA.

3. A= (v la)

4. AN B = (min(uy, pg), max(vy, vg)) = (Ha Ag,va V Up)-
5. AU B = (max(py, pp) , min(vy, vg)) = (Ua V lip, Va AVp)
6. A+ B = (s + Up — Ua-Up,Va-VB)



7. A.B = <‘UA.,UB, Va + Vp — UA.UB>.
8. C(A) = {{x,K,L)|x € S} where

K = maxyespa(x) , L = minyesvy (x).
9. I(A) = {(x,K",L")}|x € S} where

K* = minyespg(x) , L = maxyesva(x).
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Definition 2.2.2:

The necessity operators is defined as :

OA=(ug 1—py)
0 A =<1 — Uy, UA)'

Example 2.2.1:

Consider S ={a;,a,,as,a4,as}. Let A and B be two intuitionistic fuzzy
sets of S given by

A ={(a4,0.4,0.6),(a,, 0.3,0.7),(as, 1,0),(a,, 0.8,0.1), (as, 0.5,0.4)}.
And

B = {{(a4,0.4,0.4),(a,, 0.5,0.2),(as, 0.6,0.2),(a,, 0.1,0.7) ,(as, 0, 1)}.
We see that

A = {(ay,0.6,0.4),(a,,0.7,0.3),(as, 0,1),(a,, 0.1,0.8), (as, 0.4,0.5)}.
B = {{a;,0.4,0.4),(a,, 0.2,0.5),(as, 0.2,0.6),(a,, 0.7,0.1) ,{as, 1, 0)}.
AN B ={{a;,0.4,0.6),(a,, 0.3,0.7),(as, 0.6,0.2)}



AUB = {{ay,0.4,0.4),(a,,0.5,0.2),{(as, 1,0),

(a,,0.8,0.1),(as,0.5,04)}. A+ B =
{{(ay,0.64,0.24), (a,, 0.65,0.14), (as, 1,0),

(a,,0.82,0.07, (as, 0.5,0.4)}.
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A.B={(a,,0.16,0.76),(a,, 0.15,0.76), (as, 0.6, 0.2), (a,, 0.08, 0.73),
(as,0,1)}.04 ={(a,,0.4,0.6), (ay,0.3,0.7),(as, 1,0),(a,, 0.8,0.2),

(as, 0.5,0.5)}.

OB = {{a,,0.4,0.6),{a,,0.5,0.5),(as, 0.6,0.4) ,(a,, 0.1,0.9),(as, 0, 1)}.

0 A = {{ay,0.4,0.6),(a,, 0.3,0.7),as, 1,0), (a,, 0.9,0.1) , {as, 0.6, 0.4)}.

0 B = {{ay, 0.6,0.4), (ay, 0.8,0.2), (as, 0.8,0.2) , {a,, 0.3,0.7), {as, 0, 1)}.

C(A4) = {{as, 1,0)}.

C(B) = {{as, 0.6,0.2)}.

1(4) = {{a,,0.3,0.7)}.

I(B) = {{as,0,1)}.

Theorem 2.2.1:

For every /FS A

1. o4 =90



2.0A=0A

3. 0AcAcoA
4. oo4d=no4

5. 004=04

6. doA=0D4

7. 00A=04
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Theorem 2.2.2:
For every two /FS s A and B:

1. 0(Au B)=0oAduofpf
2. 0(AU B)=04AU OB
Theorem 2.2.3:

For every two /FS s A and B
d. odAnB)=oAno B

2. 0ANB)=0AN OB

3. 04+ B)=oA4A+0oOF

4. 0(A+ B =0A0B

5. 0(A.B)=0A4.08

6. 0(A.B)=0A+0B
Proof:

We will prove only 1 & 6.



1. ANB = {(x, min(,uA(x),,uB(x)),max(vA(x), Vg (x)))l)x € S}.
= {(x, min(ua (x), up(x)))x € S}.

= {x, ua()x € S} n {{x, up(x))|x € S}.

= 0A N OB. [ ]
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6. 0 (A.B) =0 {{x, ua(x). pp(x), v4(x) + vp(x) — va(x). v (X))
x €S}

= {61 =va(x) —vp(x) + va(x). vp(x))|x € 5}.

= {(x, v4(x) + vp(x) — v4(x). vp(x))|x € S}

= {(x, va())x € S} + {{x, vg(X))|x € S}

=0A+0B n

Definition 2.2.3:
Acg BIff (Vx € 8)(palx) < pp(x)),
Ac, BIff (Vx€S)(va(x) = vp(x)).

Theorem 2.2.4:

For every two /FS’s A and B
1. Ac, B iff nAcoB
2. Acy B iff 0)Ac (B



Proof:
We prove only 1.

1. LetA c_  B,i.e.(Vx € S)(,uA(x) < ,uB(x)). Then for o4 and OB it
follows that oA c OobB.
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Conversly,
If oAcoB,then (Vx € S)(uy(x) < ug(x),i.e.A c, B). |
Theorem 2.2.5:

For everytwo /FS'’s A and B

1. A co,B&Ac,Biff AcB
2. 1f Ac,B&AoB,then Ac B
3. If Acy B&BOA,thenAc B

Proof':

1. IfAcy B &A cy Bthen

(Vx € S)(pa(x) < pup(x)) & (Vx € S)(v4(x) = vp(x)).
Hence (Vx € 8)(us(x) < up(x) & v,(x) = vg(x)).
Therefore A c B.

Conversly, If Ac B, then

(Vx € $)(a(x) < pp ()& v4(x) = vp(x)),
i.eeAcyB&AcC,B. |



Theorem
2.2.6:

For every two /FS’s A and B
1. ((A) and I(A) are IFS’s
2. [(A) cAc (4
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3. C(AUB) = ((A) U A B)
4. C(C(A) = AA)

5. €(0) =0 where 0 =(0, 1)

Theorem 2.2.7:

For every /IFS A
1. 0Ac d4).

2. I(A)cOA.
3. 1D =4).

Definition 2.2.4:

Let A= {{xq, ua(x1),va(x))x1 € X1},

B = {(x3, ua(x2),v4(x2))| x, € X,} be two /FS’s. The Cartesian product of
these two /FS s is the set

A X B ={({x1, X2), g (x1). up (x2), v4(x1). v (x2))| X1 € X1, %5 € X3}

Remark 2.2.2:




Because:
0 < pua(x1). up(xz) +v4(x1). vp(x2) < pa(x1) +v4(x) <1
it follows that A X B is an IFS.
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Theorem 2.2.8:

For X;,X,, X5 and for /FS’s A, B(over X;), ({over X,), D(over X3).
1. AXC=CxA

2. (AXC)YXD=AX(Cx D)

3. (AUB)XC=(AXC)U(BxC()

4. (ANB)YXC=AXC)N(BXC

S5 (A+B)x Cc(AxC)+(Bx ()

6. (A.B)X(C>2(AXC).(BxC()

Proof:
We prove only 5.

S5.(A+B)x C=

{0, 1a(x) + pp(x) — ua (). pp (x), v4(x). vp(x)|x € X} X C

={((x, ¥}, (1ta () + pp (%) = pa(x). p (). e (), v4(x). v (x). v (1)) |x €
X,y €EX,}

However
pa(x). e ) + pp (). uc(y) — pa (o). pg (x). uc (y) <

ta Q). e ) + g (). pic(¥) = pa(x). pp (). pc (v)?
and

v4(x). v5(x).vc(¥) = v4(x). v5(x). v (v)?, so that
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(A+B)xCc {{((x,y), ua(x). uc(y) + pp(x). pc(x) —
ta (). g (). e V)2, v4(x). v5 (). v (V) )| x € X1,y € X5}

= {0, Y ua (). pc ), va (). v (Y))x € X1,y € X5}
(6, ¥), up (). uc (), vp(x). vc () |x € X1,y € X5} =(AXx C)
+(Bx ()

Theorem 2.2.9:

Let AB IFS’s in X;,X,, respectively then:
1. 0(Ax B) c nAxXoPB

2. 0(AX B) D 0AX OB

3. C(AXB)c C(A)x C(B)

4. I(Ax B) o I[(A) xXI(B)

Proof:

We prove only 1.

[1]. o(A X B) =

O{((x, ¥}, ta(x), up (), va(x). v (M))|x € X1,y € X5}

= {{((x, ¥), 14 (). (1), 1 = pp (). up(0))|x € X1,y € X33,

< {(x,¥) wa (). pup(0), (1 = pa (). (1 = up())1x € X1,y € X}

= {(, 1a(x), 1 — ua N x € X 3x{y, ug(¥), 1 — ug(¥))y € X3}



=JAXx0OB.
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Theorem 2.2.10:

If A and Baretwo /FS sin S, then

1. (A9 =4 2.
(A)F = (49 3. (Au
B)¢ = A n B¢

4. (AnB)¢ = A U B¢

Proof:
We prove only 4.
4. A° U BC = {(x, u§ (%), v§ (0))|x € S} U {(x, ug (x), v () |x € S}.
= {6, ug () V up (x), v4 (x) Avg (x)|x € S}.
= {{%, tinp (1), viup (X)X € S},
= {{x, eanm) (), V@aup) (X))x € S3°.
| = (AnB)*

Definition 2.2.5:

Let ® be amapping formaset X toaset Y.Let A = (uy, v,)bean
intuitionistic fuzzy subset of X and B = (ug,vg)be an

intuitionistic fuzzy subset of Y. Then, the inverse image o 1(B) =
(71 (ug), @ 1(vp)) is the intuitionistic fuzzy subset of X defined by

&~ (B)(x) = (@7 (up) (), @7 (wp) (%)) = (p(@ (%)), v (P (X))
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The image ®(A) = (P(uy), (v,)) is the intuitionistic fuzzy subset of Y

defined by:

() (x) = {SUP{HA(t): ted'(y)} if ') # 0
4 0 otherwise

And

_(influ,(t): ted(y)} if D X(y) =0
Pa)(x) = { 1A otherwise
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3.1 Intuitionistic fuzzy subsemigroups :

In this chapter we study the intuitionistic fuzzication on the concept of
several ideals in a semigroup S, and investigate some properties of such
ideals.

The materials of this chapter is taken from the following references:[12], [13],
[14].
Definition 3.1.1 :

An IFS A = (uy,v,) in S is called an intuitionistic fuzzy subsemigroup of
S if: (D palxy) 2
inf{ua(x), ua(¥)}.

(i) va(xy) < sup{va(x),v4(¥)}.

Example 3.1.1:
Consider the semigroup S=(Z, +), let £ be the set of all even integers,

and O be the set of all odd integers. Define py: S -
[0,1] by:

pax) =

{0.6 if x€E

04 if xe€0,

And define v,: S = [0, 1] by:

(05 if x€E

va(x) = {0.7 if x€o.

(i) If x,y € E, then puyu(x)=puu(y)=0.6 and

Ua(x+y) =0.6,v4(x) =v4(y) =05 andv,(x+y)=0.5.

Chapter Three: Intuitionistic Fuzzy Interior Ideals Of I'-Semigroups



(i) If x,y € 0,then u,(x) = us(y) = 0.4 and pyu(x+y) =0.6,
vy(x) = v4(y) =0.7 and vy(x +y) =0.5.

(iii) If x e E,y € 0, then py(x) = 0.6,u,(y) = 0.4 and
us(x+vy)=04,v,(x) =0.5,v,(y) =0.7, vy(x+y) =0.7.

Hence py(x +y) = inf{u, (x), na ()},
va(x +y) < sup{va(x),v,(v)}, forall x,y € S.
Thus A = (uu, v4) is an intuitionistic fuzzy subsemigroup of the semigroup Z.

Example 3.1.2:
Let S ={0,1, 2,3,4 } be a semigroup with the following Cayley table:

Table 3.1.1
Definean IFS A = (uy,v4)in S by p,(0) = puy(1) =
a(2) = 06, pa(3) = pa(H) =02, | -1 011121314
0/0/0]0|0]|O0
v4(0) = v,(1) = v4(2) = 0.2 and v4,(3) =v,(4) =06 |1]0|1]|0[3]0
2/0/0]2|0|4
: e : 310/3/0{0]1
Then A = (uy4,v,) is an intuitionistic fuzzy subsemigroup 4l0lol2120

of S.
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Definition 3.1.2:

AnIFS A = (uu,v,)in S is called an: ()
Intuitionistic fuzzy left ideal of § if:



pa(xy) = pua(y) and vy(xy) < vu(y) for

any x,y € S.

(ii) Intuitionistic fuzzy right ideal of S if:

Ha(xy) = pa(x) and vy(xy) < v4(x) for any
X,y €8S.

(iii) Intuitionistic fuzzy (two-sided) ideal of § if itis both an
intuitionistic fuzzy left and an intuitionistic fuzzy right ideal of S..

Example 3.1.3:
Consider the semigroup S=R.

Define u: S - [0,1], v: S = [0, 1] by:
_ (05 if x€eQ
Ha(x) = {0.3 if xeQ,

(02 if x€Q
”A(")‘{OJ if xéQ.

Then A = (uy4, v,) is an intuitionistic fuzzy left ideal.
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Example 3.1.4:



Let S = {1, 2,3} be the semigroup with the following Cayley table:

Table 3.1.2 Define an IFS A = (uu,v4) in S by:

o123

1) = 2) = 3)=0.5,

ta(l) = ua(2) = pa(3) 11313 3

va(1) =14(2) =va(3)=03. | 2[3[3 | 3
Itis clear that A = (u,, v,) is an intuitionistic | 3| 3| 3| 3| fuzzyideal
of §.
Remark

It is clear that any intuitionistic fuzzy left (right) ideal of § is an
intuitionistic fuzzy subsemigroup of §.

Example
3.1.5:

This example shows that an intuitionistic fuzzy subsemigroup need not be
an intuitionistic fuzzy right ideal.

Consider a semigroup S = {1, 2} with the following Cayley table:

Table 3.1.3
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1| 2
Definean [FSA = (uy,v4)in Sby: | 1] 1| 2

1 (1) =06,u,(2)=04, | 2| 2| 2
vA(l) =0.2 ;UA(Z) =0.5.




So A = (uy,v,) is an intuitionistic fuzzy subsemigroup of S but A = (uy,, v,)is
not an intuitionistic fuzzy right ideal of S.

Definition 3.1.3:

An intuitionistic fuzzy subsemigroup A = (uu, v,4) of S is called an
intuitionistic fuzzy bi-ideal of § if:

(D) uaCwy) = influ,s (), na(y)3

(i) va(xwy) < sup{pa(x), s (¥)}
Forallw,x,y € S.

Example 3.1.6:
Let S ={1, 2, 3, 4, 5} be a semigroup with the following Cayley table:

Table 3.1.4

Define IFS A = (u,, v4) in S by: uy(1) =
0.6,u,(2) =0.5u,4(3) =04, u,(4) =0.4,u,(5) =0.3, v,(1) =v,(2) =
0.3,v4(3) = 0.4,v,(4) = 0.5,v,(5) = 0.6.

4
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Y N = ey g =
R R =N
Wl W|lW|k |k |w
WD | W=
ulluv| vl = | =

U | WD =,

By routine calculation, it is clear that A = (u,, v,)
is an intuitionistic fuzzy bi-ideal of S.

Theorem 3.1.1:

Every intuitionistic fuzzy left (right)ideal of S is an intuitionistic fuzzy bi-
ideal of S.



Proof:

Let A = (uy, v4) be an intuitionistic fuzzy leftideal of § and w,x,y € S.
Then

taCewy) = pa(xw)y) = ua(y) = inf{p, (x), ua ()3,

And

va(ewy) = v,(ew)y) < va(¥) < sup{yy(x), v, (¥)}-

Thus A = (u,, v,) is an intuitionistic fuzzy bi-ideal of S. The right case is
proved in an analongous way. |

Theorem 3.1.2:

Let S be a regular semigroup. If every bi-ideal of § is a right (left) ideal of
S,then every intuitionistic fuzzy bi-ideal of § is an intuitionistic fuzzy right
(left) ideal of S.

Theorem 3.1.3:

If {A;}iep 1s a family of intuitionistic fuzzy bi-ideal of §,then N 4; isan
intuitionistic fuzzy bi-ideal of S, where NA4; = (Auu,, Vv,) and
A (x) = influy, (x)|[i €A, x € S},

V vy, (x) = sup{v, (x)|i EA, x € S}.
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Theorem 3.1.4:

Ifan IFS A = (uy4, v4) in S is an intuitionistic fuzzy bi-ideal of .5, then so is
04 = <,UA; ,ng)

Definition 3.1.4:




An intuitionistic fuzzy subsemigroup A = (u,4, v,4) of S is called an
intuitionistic fuzzy (1, 2)-ideal of § if:

() wuaew(yz)) = influy (x), ua(v), 1a(2)},

(i) va(xew(y2)) < sup{va(x), va(¥),v4(2)}, For all
w,z,x,yES.

Example 3.1.7:
Let S ={1, 2, 3, 4, 5} be a semigroup with the following Cayle table:

Table 3.1.5

Define an IFS A = (uy4, v4) in S by:
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Interior Ideals Of I'-

Intuitionistic Fuzzy

Semigroups

pa(l) = ua(2) = pa3) =
va(1) = v4(2) =v4,(3) =

By routine calculation, it is clear that A = (uy,, vy) is
an intuitionistic fuzzy (1, 2)-ideal of S.

17 :uA(4) = :uA(S) = 0) and
0,v,(4) =v,(5) = 1.

Ul | W N| m

el e e
Bl RN R RN
Ul R W R = W
=R RN R
= Ul R W | U




We note that M = {1, 2,3} isa (1, 2)-ideal of S, hence A = (uy,v,) can be
defined as follows:

1 if xeM
= d
Ha(x) {0 other wise an

(0 if xeM
va(x) = {1 other wise.

Theorem 3.1.5:

Every intuitionistic fuzzy bi-ideal is an intuitionistic fuzzy (1, 2)-ideal.

Theorem 3.1.6:

If S isaregular semigroup, then every intuitionistic fuzzy (1, 2)-ideal of S
is an intuitionistic fuzzy bi-ideal of S.

Theorem 3.1.7:

Let A = (uy, v4) be an intuitionistic fuzzy bi-ideal of S.If S is a completely
regular, then A(a) = A(a?) forall a € S.

Theorem 3.1.8:

Let A = (uy, v4) be an intuitionistic fuzzy ideal of S.If S is an intra-regular,
then A(a) = A(a?) forall a € S.
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Theorem 3.1.9:

Let A = (uy, v4) be an intuitionistic fuzzy ideal of S.If S is an intra-
regular, then A(ab) = A(ba) forall a,b € S.



Theorem 3.1.10:

An IFS A = (u4,v,) is an intuitionistic fuzzy bi-ideal of S if and only if the
fuzzy sets p, and v5 are fuzzy bi-ideals of S.

Corollary 3.1.1:

An IF A = (uy4,v,) is an intuitionistic fuzzy bi-ideal of $ if and only if
OA = (uy, u§) and 0 A = (v,, v$) are intuitionistic fuzzy bi-ideal of S.

Theorem 3.1.11:

Let f:S = T be ahomomorphism of semigroups. If B = (ug, vg)is an
intuitionistic fuzzy bi-ideal of 7, then the preimage f~1(B) =
(f Y(ug), f~1(vg)) of B under f is an intuitionistic fuzzy bi-ideal of S.

3.2 Intuitionistic fuzzy interior ideals of I'-semigroup:

In this section we study the notion of intuitionistic fuzzy interior ideals and
intuitionistic fuzzy characteristic interior ideals of I'-semigroup and obtain

some of their properties such as the characteristic function criterion and level

subset criterion. Finally, in this section we will see characterization of simple
['-semigroup in terms of intuitionistic fuzzy interior ideal.

The materials of this chapter is taken from the following reference:[1].
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Definition 3.2.1:

A non-empty intuitionistic fuzzy subset A = (u,, v4) of I'-semigroup S is
called an intuitionistic fuzzy subsemigroup of § if it satisfies:

(D walxyy) = min{p,(x), ua(¥)},V x,y € Sand Vy €T,
(i) wvy(xyy) < max{v,(x),v4(y)},Vx,y €S and Vy €T.



Dentition 3.2.2:

A T-semigroup is said to be intuitionistic fuzzy simple if every intuitionistic
fuzzy ideal of § is a constant function.

Lemma

A T-semigroup S is simple if and only if it is intuitionistic fuzzy simple.
Proof:

Let § bea I'-semigroup and A = (u,, v4) be an intuitionistic fuzzy interior
ideal of S.Let a,b € S. Then, by theorem 3.8[21],

U(,uA,,uA(a)),U(uA,uA(b)),L(vA,vA(a)) and L(vy,v4(b)) are ideals of S.
Since S is simple, we have U(,uA,,uA(a)) =S =U(uy, puys(b)) and

L(vA, Uy (a)) =S = L(v,,v,(b)). Consequently, it follows that a €

U(.UA; Ha (b)); L(vs,v4(b)) and b € U(#A»#A (a))» L(vy,v4(a)), which implies

that py(a) = pa(b), va(a) < va(b) and py(b) = ugla), v4(b) < va(a). So,
Uys(a) = puy(b) and vy(a) = vy(b) forall a,b € S. Hence, S is intuitionistic
fuzzy simple.

Conversely, suppose that .S is intuitionistic fuzzy simple. Let / be an ideal
of S.Then, (»;,#f) is an intuitionistic fuzzy ideal of S(cf. Corollary
3.11[21]). Let x € S.
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Since S is intuitionistic fuzzy simple, the intuitionistic fuzzy ideal (3, x#;) is a
constant function, and so y;(x) = y;(a) and v,;(x) = v,(a) Va € I. Hence,
(%, (x),%,c(x)) = (1,0), whence x € I. Thus, we have S = I. Hence, the I'-
semigroup is simple. |

Definition 3.2.3:




An intuitionistic fuzzy subsemigroup A = (u,4, v4) of I'-semigroup S is
called an intuitionistic fuzzy interior ideal of § if it satisfies: (i)
pa(xaapy) = us(a), vx,y €S and VyE€rT,

(i) vy(xaaBy) <v,(a), Vx,y€S and Vy€eT.

Definition 3.2.4:

(1) A non-empty intuitionistic fuzzy subset A = (uy, v4) of I'-semigroup S
is called an intuitionistic fuzzy left ideal of § if it satisfies:
() palxyy) =2 pa(y), Vx,y€S and VyEerT,

(ii)
va(xyy) <v4(y), Vx,y€S and Vy€eTr.

(2) A non-empty intuitionistic fuzzy subset A = (uyu, v4) of I'-semigroup §
is called an intuitionistic fuzzy right ideal of § if it satisfies:

(D) palxyy) = ps(x), Vx,y€S and Vyer,
(i) vy(xyy) <vy(x), Vx,y€S and VyE€T.

(3) A non-empty intuitionistic fuzzy subset A = (u,, v,) of T'-
semigroup S is called an intuitionistic fuzzy ideal of § if it is an intuitionistic
fuzzy left and intuitionistic fuzzy right ideal of S.
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Example 3.2.1:

Let S be the set of all non-positive integers and I' be the set of all non-
positive even integers. Then, S is a I'-semigroup where ayb denoted the
usual multiplication of integers a,y,b with a,b € S and y €'.Let A =
(14, Vv4) be an intuitionistic fuzzy subset of .5, defined as follows:
(1 if x=20 _ (0 if —3,—-6

Ha = {0-1 if x=-1-2""47 {0.4 otherwise



And

" ={0 if x=0 . ={1 if x=-3,—-6
470108 if x=-1,-2""7 105 otherwise

Then, the intuitionistic fuzzy subset A = (uy, v4) of S is an intuitionistic
fuzzy interior ideal of .S which is not an intuitionistic fuzzy ideal of S.

Proposition 3.2.1:

If {A;}iep is afamily of intuitionistic fuzzy interior ideals of a TI'-
semigroup S,then N;ep4; isan intuitionistic fuzzy interior ideal of 5,
provided it is non-empty.

Proof:
Let B = Niep4; and x,a,y €S,a,6,y € I'. Then,
ug(xyy) = infiep{ua, (xyy)
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> infl-e/\{min{,u,qi (x), g, (3’)}}
= min{ infiep{ia, (0, infienfia, )}

= min{ug(x), ug(¥)}

Also, we have
vg(xyy) = supiepiva, (xyy)}

< Supie/\{maX{UAi(x)r vAi(y)}}
= maX{SuPie/\{vAi(x)}' SupiE/\{vAi(y )} }

= max{vg(x),vg(y)}.

Hence, N;ep 4; is an intuitionistic fuzzy subsemigroup of S. Again,



up(a@) = infieplua, (@)} < infiep{ua,(xaaBy) = ug(xaafy).

Also, we have

vp(a) = supiep{va,(a) = supiep{va,(xaaBy) = vg(xaapy).

Therefore, N;ep 4; is an intuitionistic fuzzy interior ideal of S. |
Lemma 3.2.2:
If A= (uy, v,)isanintuitionistic fuzzy interior ideal of S, then sois
0A = (ug, 1),
Lemma 3.2.3:

If A= (uy, vy)isanintuitionistic fuzzy interior ideal of .S, thensois ¢ A =

(Ug, vA)'
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Theorem 3.2.1:

A = (Uuy, vy4) is an intuitionistic fuzzy interior ideal of S if and only if DA
and ¢ A are intuitionistic fuzzy interior ideals of §.

Corollary 3.2.1:

An intuitionistic fuzzy subset A = (u,,v,) of S is an intuitionistic fuzzy
interior ideal of S ifand onlyif u, and v§ are fuzzy interior ideals of S.

Definition 3.2.5:




Forany t € [0,1] and a fuzzy subset u of S, the set Ul t) ={x €
St u(x) = t}(respectively, L(u; t) = {x € S: u(x) < t}) is called an upper
(respectively, lower) t-level cut of u.

Example 3.2.2:
Let S ={a,b,c}and I' = {y, §}, where y, ¢ is defined on S with the

following Caley table:
dlal|b|c and
alalala
b/b|b|b
clc|lcl|c
Table 3.2.1 Table 3.2.2
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Then, S isa I'-semigroup. Let us consider a subset u: 5S-[0, 1], by u(a)=
0.8, u(b)=0.7, u(c) =0.6 .For t =0.7,U(u; t) = {a,b}and L(u;t) = {b,c}.

Theorem 3.2.2:

If A = (uy, v,)isan intuitionistic fuzzy interior ideal of 5, then the upper
and lower level cuts U(uy,;t) and L(v,;t) are interior ideals of S for every
t € Im(uy) NIm(vy).

vyla|b| c

alalala

AT Proof:
Let | c|c|c|c| telm(uy) Nim(vy) andlet x,y € U(uy;t) and y €T,

Then, u,(x) =t and u,(y) = t. Now, since A = (u,, v,) is an intuitionistic
fuzzy interior ideal of 5, itis an intuitionistic fuzzy subsemigroup of 5, hence



ta(xyy) = minfu, (x), ua(x), ua(y)} = t. Consequently, xyy € U(uy; t).
Hence, U(uy; t) is a subsemigroup of S.

Again, let x,y € S,a € U(uy; t) and a,f € T. Then, uy(a) > t.

Now, since A = (u,4, v4) is an intuitionistic fuzzy interior ideal of S, hence
Ua(xaafy) = pny(a) = t. Consequently, xaafy € U(uy;t). Hence, U(uy; t) is
an interior ideal of S.

Similarly, let x,y € L(v,;t) and y € I'. Then, v,(x) <t and v,(y) < t.
Now, since A = (u,, v, ) is an intuitionistic fuzzy interior ideal of 5, itis an
intuitionistic fuzzy subsemigroup of §, hence v,(xyy) <
max{v,(x),v4(y)} < t. Consequently, xyy € L(v4;t). Hence, L(v4; t) isa
subsemigroup of §.

Again, let x,y €S, a € L(vy;t)and «a,f €. Then, vy(a) <t
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Now, since A = (uy4, v4) is an intuitionistic fuzzy interior ideal of .5, hence
va(xaaPy) < vy(a) < t. Consequently, xaafy € L(vy;t). Hence, L(vy;t) is an
interior ideal of S. |

Theorem 3.2.3

If A= (uu, vy)isanintuitionistic fuzzy subset of .S such that the non-
empty sets U(uy;t) and L(vy;t) are interior ideals of S forall t € [0, 1].
Then, A = (uy, v,) is an intuitionistic fuzzy interior ideal of §.

Proof :

For t € [0, 1], let us assume that the non-empty sets U(uy,;t) and L(v,;t)
are interior ideals of S.Now, we shall that A = (uy4, v,) satisfies the
conditions of Definitions 2.1 and 2.2 . Letx,y € S and y € I'. Let t, =



min{u, (x), us(y)}and t; = max{v,(x),v,4(y)}. Then, x,y € U(uy; ty) and
X,y € L(vy;t1).So xyy € U(uy; ty) and xyy € L(vy; t;) which implies that

ta(xyy) = to = min{u,(x), us ()} and xyy < t; = max{v,(x),v4(y)}.

Hence, A = (uy4, v4) is an intuitionistic fuzzy subsemigruop of S.

Again, let x,a,y € S and a,f €. Let t, = uy(a) and t; = v,4(a). Then,

a € U(uy;ty) and a € L(vg;t3). So xaafy € U(uy;t,) and xaafy €
L(vy; t3) which implies that py(xaafy) = t, = uy(a) and xaafy <t; =
v4(a). Hence, A = (uy,v,4) is an intuitionistic fuzzy interior ideal of S.

|
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Corollary 3.2.2:

Let / be an interior ideal of a I'-semigroup S. If two fuzzy subsets © and v
are defined on S by

_(ay if x€l
“(x)'_{al if xeS—1I

And

(B0 if x€l
”(")‘_{ﬁj if xeS—1I’

Where
0<a1<ay,<Py<pPyand a;+p; <1fori =0,1.Then, A = (u,v)isan
intuitionistic fuzzy interior ideal of S and U(u; ay) =1 = U(v; By).

Corollary 3.2.3




Let x; be the characteristic function of an interior ideal / of S.Then, I =
(x5, xr) is an intuitionistic fuzzy interior ideal of S.

Example 3.2.3:

Let S denote the set of all integers of the form 4n+1 and I' dente the set
of all integers of the form 4n+3 where nis an integer. Then, $ is a regular
['-semigroup where a + a + b denote the usual sum of integers a, a, b with
a,b € Sand a €T.Let A = (uy, v,)be an intuitionistic fuzzy subset of .5,
defined as follows:
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1 if x=4n+1
“A(x)‘{os if x=4n+3"

And

0 if x=4n+1
va(x) _{0.6 if x=4n+3

Then, A = (uy, v,) is an intuitionistic fuzzy interior ideal of .§ which is also an
intuitionistic fuzzy ideal of S.

Proposition 3.2.2:

Let ®: S—> T beahomomorphism of I'-semigroups. Then,

(i) If B = (ug,vg)isan intuitionistic fuzzy interior ideal of 7, then
® 1(B) = (& 1 (ug), @ 1(vp)) is an intuitionistic fuzzy interior ideal of
S.



(ii) If ® isontoand A = (u,, v,) is an intuitionistic fuzzy interior
ideal of S, then ®(4) = (P(uy,), P(v,)) is an intuitionistic fuzzy
interior ideal of 7.

Proof :

(i)Let B = (ug, vg) be an intuitionistic fuzzy interior ideal of 7. Then, B =
(g, vp) is an intuitionistic fuzzy subsemigroup of 7.Let x,y €S and y €.

Then, O~ (ug) (xyy) = ug(P(xyy)) =
pp (P(x)y®(y))
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(since @ isahomomorphism o I'-emigroups)
> min{ug (P(x)), us(P())}
= min{®~ " (up) (x), P~ (up) )}

And O~ (vp) (xyy) =
vp(@(xyy)) = vp(@X)yP ().

(since @ is a homomorphism of I'-semigroups)
< max{vg(@(x)), v(P(y))}
= max{® ! (vp(x), P~ (vz) ()}.

Thus, @ 1(B) = (@ 1(ug), @ 1(vg)) is an intuitionistic fuzzy subsemigroup
of S.Again,let x,y,a € S and a,f €T. Then, O (up) (xaapy) =
tg(P(xaapBy))

= up(P(x)a®(a)fP(»))

(since @ is a homomorphism of I'-semigroups)



= .UB(CD(G)) = & (up)(a)

And
O~ (vp) (xaaBy) = vg(P(xaafy))
= vp(P(x)a®(a)fP(y))

(since @ is a homomorphism of I'-semigroups)

< vp(@(a)) = 1 (vz(a).

Therefore, ® 1(B) = (® 1 (ug), ®~1(vp)) is an intuitionistic fuzzy interior
ideal of §.
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(ii) Let A = (uy, v4) be an intuitionistic fuzzy interior ideal of S. Then, itis an
intuitionistic fuzzy subsemigroup of S.Since (®(uy)(x') = sSUPg(x)=x'{la(X)}

Forx' € T and (®(v4))(x") = inf pp=x' {va(x)} for x' € T, s0 ®(A) =
(®(uy), @(vy)) isnon-empty. Let x',y' €T and y € I'. Then,
(@) 'Yy = SUDez)=x'yy (Ha (D)}

= SUPp(x)=x d(y)=y' tHa(XYY)}

= min{ Supq)(x)=xr{u,4 (X)}, Squ)(y)=y’{HA (y)}}

= min{(P(ua))(x"), (P(1a)) )}
And
(@) x'vy") = infozy=xtyy {va(2)}

< INf o)=x' )=y’ (Va(X¥Y)}



< infq)(x)zx"q)(y)zy’{max{vA (x): Va (.V)}}
= max{inf ¢)=x'{Va ()}, inf o (3)=y {va(¥)}}
= max{(P(,))(x"), (P(va))(¥)}

Therefore, ®(A) = (®(uy), P(v,)) is an intuitionistic fuzzy subsedmigroup of
T.Again, let x'y'a’ € T and «,f € I. Then, (CD(,uA))(x’aa’,By’) =
SUPp(z)=x' aa’ﬁy’{.uA(Z)}

= SUP o (x)=x",®(a)=a’,®(y)=y' {us(xaafy)}
= SUP¢(a)=a’ {ua (a)}

= (®(1a)) (@)
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And (CD(vA))(x’aa’,By’) = infcID(z):x’ aa’ﬁy’{vA (2)}

< Info=x,0(0)=a’ o=y’ (Va(xa@afy)}

< info)=a'{va(@)}

= (CD(VA))(CL’)-

Therefore, ®(A) = (P(uy), P(v,)) is an intuitionistic fuzzy interior ideal of T
|

Proposition 3.2.3: Let S

be a I'-semigroup and A = (uy, v,) be an intuitionistic fuzzy ideal of 5. Then,
A is an intuitionistic fuzzy interior ideal of §.

Proof :

Let A = (uy, v,) be an intuitionistic fuzzy ideal of S.Let x,y €S andy €
[. Then, p,(xyy) = pa(x) and py(xyy) = py(y), which implies that



pa(xyy) = min{pu, (x), ta(y)}. Again, we have v,(xyy) < va(x) and
v,4(xyy) < v4(y), which implies v4(xyy) < max{v,(x),v,(y)}. Hence,
A = (Uy,v,) is an intuitionistic fuzzy subsemigroup of §.

Now, let x,a,y € S and a,B € I'. Then, u,(xaafy) = us(xa(apfy)) =
ta(aBy) Z ua(@) and  vy(xaafy) = va(xa(afy)) < va(apy) < va(a).

Hence, A = (uy4, v,) is an intuitionistic fuzzy interior ideal of .S. W
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Proposition 3.2.4:

Let S be aregular I'-semigroup and A = (uy, v,) be an intuitionistic fuzzy
interior ideal of S.Then, 4 is an intuitionistic fuzzy ideal of .

Proof:

Let x,y €S,y €I'.Since § isregular, forany x € S there exist a € S

and a,f €T suchthat x = xaafx. Then, py(xyy) = us(xaafxyy) = puy(x)
and v4(xyy) = va(xaafxyy) < v,s(x).So A = {(uy,v,) is an intuitionistic
fuzzy right ideal of §.

Similarly, we can prove that A = (u,, v,4) is an intuitionistic fuzzy left ideal
of S.Hence, A = (uy,v,4) is an intuitionistic fuzzy ideal of §.

Remark 3.2.1:

From the above two propositions it is clear that in regular I'-semigroups the
concept of intuitionistic fuzzy ideals and intuitionistic fuzzy interior ideals
coincide.

Definition 3.2.6:




An interior ideal M ofa TI'-semigroup S is called a characteristic interior
idealof S if f(M)= M forall f € Aut(S).

Example3.2.4

Let S bethe setofall 2X3 matricesand I' be the set of all 3X2 matrices
over the ring of integers. Then, § is a I'-semigroup with respect to usual
matrix multiplication.
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Letus define f: S— S by f(Az3) = 24,3. Then, f € Aut(S). Let A = (uy, v4)
be an intuitionistic fuzzy subset of .S defined as follows:

) (0 0 O

MA(x)={O'3 lfx_(o 0 0)

0.2 otherwise

And

) (0 0 O

vA<x>={°'6 if x=(5 o o
0.8 otherwise

Then, A = (uy, v,) is an intuitionistic fuzzy characteristic interior ideal of .

Definition 3.2.7:

An intuitionistic fuzzy interior ideal A = (uy4,v,) ofa I'-semigroup S is
called an intuitionistic fuzzy characteristic interior ideal of .S if uy, (f (x)) =
Uy(x) and vA(f(x)) =v,(x)Vx €S and V x € Aut(S).



Theorem 3.2.4:

If A= (uy,vy) isan intuitionistic fuzzy characteristic interior ideal of .S
then the upper and lower level cuts U(uy,;t) and L(vy;t) are characteristic
interior ideals of S for every t € Im(u,) N Im(v,).
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Proof :

Let t € Im(uy) N Im(vy). Then, U(uy; t) and L(vy;t) are interior ideals of
S.Let f € Aut(S) and x € U(uy;t). Then, uy(x) =t andso pu,u(f(x)) = t.

Hence, f(x) € U(uy; t). This implies that f(U(ug;t) € U(uy;t). Again, let x €
U(uy;t) andy € S such that f(y) = x. Then, u,(y) = ,uA(f(y)) = uyu(x) = t,

so y € U(uy; t). Consequently, f(y) € f(U(ug; t)), whence x € f(U(uy; t).
Hence, U(ug; t) € f(U(ug; t)). So,we have U(uy;t) = f(U(ug;t)).

Hence, U(uy; t) is a characteristic interior ideal of . By using similar

argument we can show that L(v,; t) is characteristic interior ideal of .
|

Theorem 3.2.5:

If A= (u, v,)isanintuitionistic fuzzy subset of S such that the non-

empty sets U(uy;t) and L(vy;t) are characteristic interior ideals of S for all
t € [0,1]. Then, A = (uyu, v,) is an intuitionistic fuzzy characteristic interior
ideal of S.

Proof:



Let U(uy;t) and L(vy;t) are characteristic interior ideals of S forall t €
[0,1]. Let f € Aut(S), x €S and pu(x) =t, and v,(x) :=t;. Then, x €
U(ug;ty) and x € L(vy;ty). Since, by hypothesis, U(ug;ty) = f(U(uy; to))
and L(vg;ty) = f(L(vy;ty)), soweseethat f(x) € U(uy; ty) and f(x) €
L(vy;ty). Hence, uy(f (%)) = to and v,(f(x)) < ¢y. Let ¢, = uy(f(x)) and
t; = v,(f(x)). Then, t, = t, and t; <t; and f(x) € U(uy;t,) =

fUQua; t2)), f(x) € L(vg; t3) = f(L(UAF t3))-
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Since f is one-one, we have x € U(uy;t,) and x € L(vy; t3). This implies
that p,(x) = t, and v,(x) < t3. Hence, ty, = t, and t; < t3. Thus, we obtain

#A(f(x)) = pa(x) and vA(f(x)) = v4(x). Hence, A = (uy, v4) is an
intuitionistic fuzzy characteristic interior ideal

of §. ]

Corollary 3.2.4:

Let x; be the characteristic function of a characteristic interior ideal I of S.
Then, I = (x;, x7) is an intuitionistic fuzzy characteristic interior ideal of 5.

Theorem 3.2.6:

A T-semigroup is simple if and if only if every ituitionistic fuzzy interior
ideal of S is constant.

Proof:

Let S be asimple I'-semigroup and A = (u,, v4) be an intuitionistic fuzzy
interior ideal of S.Let a,b € S.Since § issimple, each for < a > and <
b >, the principal ideals generated by a and b, respectively, is equal to §.



Hence, there exist x,y,u,v €S and «a,f,y,6 € I' such that a = xabfy and
b = uyadv.

Since A = (uy4,v,4) is an intuitionistic fuzzy interior ideal of .5, so we have
ta(xabBy) = py(b), pa(uyadv) = py(a) and vy (xabfy) <

v,4(b),v,(uyadv) < vs(a). Thus, we see that u,(a) = pus(b), us(b) = us(a)
and v,(a) < vy(b),v4(b) < vy(a). Hence py(a) = uy(b) and vy(a) = vy (b).
Consequently, A = (uy4, v,4) is constant.
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Conversely, suppose that every intuitionistic fuzzy interior ideal of Sis
constant. Let A = (uy4, v4) be an intuitionistic fuzzy ideal of S. Then, by
Proposition 2.3, A = (u,4v,) is an intuitionistic fuzzy interior ideal of S.

Hence, by hypothesis A = (u,, v4) is constant. Thus, § is intuitionistic fuzzy
simple. Therefore, by lemma 2.3, § is a simple I'-semigroup.
|
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  𝜇  ( x ) =  {    0                                                                                               x ≤ 8   ( 1 + ( x − 8  )  − 2  )  − 1                           x > 8


  𝜇 =  ∑  𝜇 (   x  i  )    x  i


  𝜇 (   x  i )


        x  i


  𝜇 =  ∫  S     𝜇 ( x )  x


  𝜇 = {  ( x ,   𝜇  ( x ) )   |   𝜇  ( x ) = ( 1 + ( x − 6  ) 2  )  − 1 }


  𝜇  ( x ) = 0     ∀ x ∈ S


  𝜇  ( x ) = 1     ∀ x ∈ S


  s u p p  ( 𝜇 ) = { x ∈ S   :   𝜇 ( x ) > 0 }


  s u p p  ( 𝜇 ) = { 0 ,   1 ,   2 ,   4 ,   5 }


  s u p p ( 𝜇 )


      t ∈ [ 0 ,   1 ]


    𝜇  t = { x ∈ S   | 𝜇 ( x ) ≥ t }


    𝜇  s . t =  {  x ∈ S   |  𝜇  ( x ) > t }


    𝜇  0 . 4 =  { x ∈ S : 𝜇  ( x ) ≥ 0 . 4 } = { 0 ,   3 ,   4 }


    𝜇 1 = { x ∈ S : 𝜇 ( x ) ≥ 1 }


    𝜇 1 = ∅


    𝜇  s , 0 . 4 = { 0 ,   4 }


  a ∈ ( 0 ,   1 ]


      a  Y ∈ ℱ P ( S )


    a  Y  ( x ) =  {    a                                   f o r                             x ∈ Y   0                               f o r                       x ∈ S \ Y


    a  { y }


    a  y


  t ∈ [ 0 ,   1 ]


  𝜇  ( x ) =  {    t                                 i f                               x = a   0                                 i f         o t h e r   w i s e


    t  a


  𝜇 , v ∈ ℱ P ( S )


  𝜇   ⊆ v  


  v ⊇ 𝜇


  𝜇  ( x ) ≤ v  ( x )   ∀   x ∈ S .


  𝜇 ⊂ v


  𝜇  ( x ) ≤ v  ( x )   ∀   x ∈ S


  x ∈ S


  𝜇 ( x ) < v ( x )


  𝜇 = v


  𝜇  ( x ) = v  ( x )     ∀   x ∈ S


    s u p  x ∈ S   𝜇 ( x )


  x ∈ S


    𝜇  C


    𝜇 C = 1 − 𝜇


    𝜇  C  


  v


  v


  𝜆 =  ( 𝜇 ∪ v ) =  sup ⁡   { 𝜇 ,   v } = 𝜇   ⋁   v


  v


    v  


  𝜆 =  ( 𝜇 ∩ v ) = i n f  { 𝜇 ,   v } = 𝜇    ⋀  v


  S = { 𝛼 ,   𝛽 ,   𝛾 ,   𝛿 }


  𝜇 = {  ( 𝛼 ,   0 . 1 ) ,    ( 𝛽 ,   0 . 5 ) ,    ( 𝛾 ,   0 . 6 ) ,    ( 𝛿 ,   0 . 3 ) }


  v = {  ( 𝛼 ,   0 . 3 ) ,    ( 𝛽 ,   0 . 4 ) ,    ( 𝛾 ,   0 . 6 ) ,    ( 𝛿 ,   0 . 7 ) }


   (   𝜇 ∪ v ) = {  ( 𝛼 ,   0 . 3 ) ,    ( 𝛽 ,   0 . 5 ) ,    ( 𝛾 ,   0 . 6 ) ,    ( 𝛿 ,   0 . 7 ) }


   ( 𝜇 ∩ v ) = {  ( 𝛼 ,   0 . 1 ) ,    ( 𝛽 ,   0 . 4 ) ,    ( 𝛾 ,   0 . 6 ) ,    ( 𝛿 ,   0 . 3 ) }


  ( 𝜇 ∪ v  )  t =  {    S                                     0 . 1 ≤ t ≤ 0 . 3       { 𝛽 ,   𝛾 ,   𝛿 }                 0 . 3 < t ≤ 0 . 5       { 𝛾 ,   𝛿 }                           0 . 5 < t ≤ 0 . 6    { 𝛿 }                                   0 . 6 < t ≤ 0 . 7   ∅                                         0 . 7 < t ≤ 0 . 9


  ( 𝜇 ∩ v  )  t =  {       S                                                           
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                           
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
     0 ≤ t ≤ 0 . 1           { 𝛽 ,   𝛾 ,   𝛿 }                   0 . 1 < t ≤ 0 . 3    { 𝛽 ,   𝛾 }                           0 . 3 < t ≤ 0 . 4    {   𝛾 }                                   0 . 4 < t ≤ 0 . 6   ∅                                           0 . 6 < t ≤ 0 . 9


  {   A  i  }  i ∈ I


   ∪  i   A  i )  ( x ) =  ⋁  i   A  i  ( x ) =   s u p  i   A  i ( x )


   ∩  i   A  i )  ( x ) =  ⋀  i   A  i ( x ) =   i n f  i   A  i ( x )


  A  ( x ) =  1    1 + ( x − 3 ) 2   , x ∈ S


  B  ( x ) =  1  1 +   ( x − 5 ) 2 , x ∈ S


  ( A ∪ B ) ( x ) =  {     1  1 + (   x − 3 ) 2       , x ≤ 4    1  1 + (   x − 5 ) 2       , x ≥ 4


   ( A ∩ B ) ( x ) =  {     1  1 + (   x − 5 ) 2     , x ≤ 4    1  1 + (   x − 3 ) 2       , x ≥ 4


  v


  v


  𝜇 − v


   ( 𝜇 − v )  ( x ) = 𝜇  ( x ) − v ( x )


  𝜇 ≥ v  


  v


  𝜇 + v )  ( x ) = 𝜇  ( x ) + v ( x )


  𝜇  ( x ) + v ( x ) ≤ 1


  v


    𝜇  ( x ) =  {    0 . 7                 i f                 x = 1 ,   2   0 . 5                 i f                 x = 3 ,   4


  v  ( x ) =  {    0 . 3                 i f                 x = 1 ,   2   0 . 4                 i f                 x = 3 ,   4


   ( 𝜇 + v )  ( x ) =  {    1                   i f                 x = 1 ,   2   0 . 9             i f                 x = 3 ,   4


   ( 𝜇 − v )  ( x ) =  {    0 . 4             i f                 x = 1 ,   2   0 . 1             i f                 x =   3 ,   4


  v


   ( 𝜇 v )  ( x ) = 𝜇  ( x ) v ( x )


  v


   ( 𝜇 ⊕ v )  ( x ) = 𝜇  ( x ) + v  ( x ) − 𝜇  ( x ) v  ( x ) .


  𝜇 ,   v


  𝜇  ( x ) =  {    0 . 3                 i f             x = 1 , 2   0 . 4                 i f             x = 3 , 4


  v ( x ) =  {    0 . 5               i f               x = 1 ,   2   0 . 3               i f               x = 3 ,   4


  ( 𝜇 v )  ( x ) =  {    0 . 15                     i f             x = 1 ,   2   0 . 12                 i f                 x = 3 ,   4


    ( 𝜇 ⊕ v )  ( x ) =  ( 𝜇 + v ) − 𝜇 v =  {    0 . 65                 i f               x = 1 ,   2   0 . 58                 i f               x = 3 ,   4


  ∈ ℱ P ( X )


  v ∈ ℱ P ( Y )


  ∈ ℱ P  ( Y )


    f  − 1


  v ) ∈ ℱ P ( X )


  ∀


  y   ∈ Y


  f  ( 𝜇 ) =  {     sup ⁡   {  𝜇  ( x ) |  x ∈ X , f  ( x ) = y }                   i f             f  − 1 ( y ) ≠ ∅   0                                                                                                                                   o t h e r   w i s e


    ∀   x ∈  


    f  − 1  ( v )  ( x ) = v  ( f  ( x ) ) ,   f  − 1 ( v )


  v


    𝜇  i   ∈ ℱ P  ( X S                                         
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ) ,   i ∈ I ,   f (   ⋃  i ∈ I      𝜇  i ) =   ⋃  i ∈ I  f (   𝜇  i )


                𝜇 1 ⊆  μ 2 ⇒ ƒ  (  μ 1 ) ⊆ ƒ  (  μ 2 )   ∀    μ 1 ,  μ 2 ∈ ℱ P  ( X ) .


    v  j   ∈ ℱ P ( Y ) ,   j ∈ J


                  f  − 1 (   ⋃  j ∈ J    v  i ) =   ⋃  j ∈ J    f  − 1 (   v  j )


      f  − 1  (  ∩  j ∈ J   v  j ) =  ∩  j ∈ J   f  − 1  (   v  j ) .


    v 1 ⊆   v 2 ⇒ f  (   v 1 ) ⊆ f  (   v 2 ) ∀     v 1 ,   v 2 ∈ ℱ P  ( Y ) .


            f  − 1 ( f  ( 𝜇 ) ) ⊇ 𝜇   ∀ 𝜇 ∈ ℱ P ( X )


        f  − 1  ( f  ( 𝜇 ) ) = 𝜇     ∀     𝜇 ∈ ℱ P  ( X )


  f  (   f  − 1  ( v ) ) ⊆ v   ∀     v ∈ ℱ P  ( Y ) ,


        f  (   f  − 1  ( v ) ) = v     ∀     v ∈ ℱ P  ( Y ) .


    f  ( 𝜇 ) ⊆ v ⇔ 𝜇 ⊆   f  − 1  ( v )   ∀     𝜇 ∈ ℱ P  ( X )


  ∀   v   ∈ ℱ P  ( Y ) .


  f ( 𝜇 ) ) = ( g ∘ f ) ( 𝜇 )     ∀       𝜇 ∈ ℱ P ( X ) .


    A ∪ A  c = S  


  A ∩   A  c = Ø .


  S = { { 1 ,   2 ,   𝛼 ,   𝛽 ,   𝛿 } 3 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



  A = {  ( 𝛼 ,   1 ) ,    ( 𝛽 ,   0 . 4 ) ,    ( 𝛿 ,   0 . 7 ) }


    A  c =  {  ( 𝛼 ,   0 ) ,    ( 𝛽 ,     0 . 6 ) ,    ( 𝛿 , 0 . 3   ) } .


  A ∪   A  c =  {  ( 𝛼 ,   11 ,   0 . 8 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ) ,    ( 𝛽 ,   0 . 6 ) ,    ( 𝛿 , 0 . 7 ) } ≠


  A ∩   A  c =  {  ( 𝛼 ,   0 ) ,    ( 𝛽 ,   0 . 4 ) ,    ( 𝛿 ,   0 . 3 ) }   ≠


    𝜇 1


    X 1


    𝜇 2


    X 2


    𝜇  1  


    𝜇 2


    𝜇 1 ∪     𝜇 2 :   X 1 ∪     X 2 →  [ 0 ,   1 ]


    ( 𝜇 1 ∪   𝜇 2 )  ( x ) =  {     max ⁡   (   𝜇 1  ( x ) ,   𝜇 2  ( x ) )                               i f             x ∈   X 1 ∩   X 2       𝜇 1  ( x )                                                             i f           x ∈   X 1 ∖   X 1 ∩   X 2     𝜇 2  ( x )                                                             i f             x ∈   X 2 ∖   X 1 ∩   X 2


    X 1


    X 2


    𝜇 1 :   X 1 → [ 0 ,   1 ]


    𝜇 1  ( x ) =  {    0                                       i f                             x = 0 ,   1   0 . 2                                   i f                               x = 2               0 . 7                                 i f                             x = 3 ,   4        


    𝜇 2  ( x ) =  {    1                           i f         x = 1 ,   3   0 . 5                       i f           x = 5               0 . 3                     i f                 x = 7 ,   9


    𝜇 1


    𝜇 2


    ( 𝜇 1 ∪   𝜇 2 )  ( x ) =  {       0                     i f                         x = 0   0 . 2             i f                             x = 2      1                   i f                       x = 1 ,   3   0 . 5             i f                               x = 5      0 . 7             i f                               x = 4   0 . 3               i f                       x = 7 ,   9


  ⟨ x ,     𝜇  A  ( x ) ,   v  A ( x ) ⟩ | x ∈ S }


  ⟨   𝜇  A ,   v  A ⟩ .


    𝜇  A : S → [ 0 ,   1 ]


    v  A : S →  [ 0 ,   1 ]


  x ∈ S ,     0 ≤   𝜇  A  ( x ) +   v  A ( x ) ≤ 1 .


    𝜋  A  ( x ) = 1 −   𝜇  A ( x ) −   v  A ( x )


    𝜋  A ( x )


  x ∈ S


    𝜋  A  ( x ) ∈  [ 0 ,   1 ]   ∀   x ∈ S


    𝜋  A  ( x ) = 0     ∀   x ∈ S .


  A = ⟨   𝜇  A ,   v  A ⟩


  B = ⟨   𝜇  B ,   v  B ⟩


  A ⊂ B ⇔   𝜇  A  ( x ) ≤   𝜇  B  ( x )


    v  A  ( x ) ≥   v  B  ( x ) ,   ∀   x ∈ S .


  A = B ⇔ A ⊂ B   &   B ⊂ A


    A - = ⟨   v  A ,   𝜇  A ⟩


      A ∩ B = ⟨  min ⁡   (   𝜇  A ,     𝜇  B ) ,  max ⁡   (   v  A ,     v  B ) ⟩ = ⟨   𝜇  A  ⋀    𝜇  B ,   v  A  ⋁    v  B ⟩


  A ∪ B = ⟨  max ⁡   (   𝜇  A ,   𝜇  B ) ,  min ⁡   (   v  A ,   v  B ) ⟩   = ⟨   𝜇  A  ⋁    𝜇  B ,   v  A  ⋀    v  B ⟩


  A + B = ⟨   𝜇  A +   𝜇  B −   𝜇  A .   𝜇  B ,     v  A .   v  B ⟩


  A   . B =   ⟨   𝜇  A .   𝜇  B ,     v  A +   v  B −   v  A .   v  B ⟩


  C  ( A ) = { ⟨ x ,   K ,   L ⟩ | x ∈ S }


  K = m a   x  x ∈ S   𝜇  A ( x )


  L = m i   n  x ∈ S   v  A ( x )


  I  ( A ) =  { ⟨ x ,     K ∗ ,     L ∗ ⟩ } | x ∈ S }


    K ∗ = m i   n  x ∈ S   𝜇  A ( x )


    L ∗ = m a   x  x ∈ S   v  A ( x )


  ⟨   𝜇  A , 1 −   𝜇  A ⟩


  ⟨ 1 −   v  A ,   v  A ⟩


  S = {   a 1 ,   a 2 ,   a 3 ,   a 4 ,   a 5 }


  A = { ⟨   a 1 , 0 . 4 ,   0 . 6 ⟩ ,     ⟨ a 2 ,   0 . 3 ,   0 . 7 ⟩ ,     ⟨ a 3 ,   1 ,   0 ⟩ ,     ⟨ a 4 ,   0 . 8 ,   0 . 1 ⟩ ,   ⟨   a 5 ,   0 . 5 ,   0 . 4 ⟩ }


  B = { ⟨   a 1 ,   0 . 4 ,   0 . 4 ⟩ ,   ⟨   a 2 ,   0 . 5 ,   0 . 2 ⟩ ,   ⟨   a 3 ,   0 . 6 ,   0 . 2 ⟩ ,   ⟨   a 4 ,   0 . 1 ,   0 . 7 ⟩   ,   ⟨   a 5 ,   0 ,   1 ⟩ }


    A - = { ⟨   a 1 ,   0 . 6 ,   0 . 4 ⟩ ,   ⟨   a 2 ,   0 . 7 ,   0 . 3 ⟩ ,     ⟨ a 3 ,   0 ,   1 ⟩ ,     ⟨ a 4 ,   0 . 1 ,   0 . 8 ⟩   , ⟨   a 5 ,   0 . 4 ,   0 . 5 ⟩ }


    B - = { ⟨   a 1 ,   0 . 4 ,   0 . 4 ⟩ ,     ⟨ a 2 ,   0 . 2 ,   0 . 5 ⟩ ,     ⟨ a 3 ,   0 . 2 ,   0 . 6 ⟩ ,     ⟨ a 4 ,   0 . 7 ,   0 . 1 ⟩   ,     ⟨ a 5 ,   1 ,   0 ⟩ }


  A ∩ B = {  ⟨   a 1 , 0 . 4 ,   0 . 6 ⟩ ,    ⟨   a 2 ,   0 . 3 ,   0 . 7 ⟩ ,    ⟨   a 3 ,   0 . 6 ,   0 . 2 ⟩ }


      A ∪ B = { ⟨   a 1 ,   0 . 4 ,   0 . 4 ⟩ ,     ⟨ a 2 ,   0 . 5 ,   0 . 2 ⟩ ,     ⟨ a 3 ,   1 ,   0 ⟩ ,


                                        ⟨ a 4 ,   0 . 8 ,   0 . 1 ⟩ , ⟨   a 5 ,   0 . 5 ,   0 . 4 ⟩ }


  A + B = { ⟨   a 1 ,   0 . 64 ,   0 . 24 ⟩ ,     ⟨ a 2 ,   0 . 65 ,   0 . 14 ⟩ ,     ⟨ a 3 ,   1 ,   0 ⟩ ,  


                                        ⟨   a 4 ,   0 . 82 ,   0 . 07 ,   ⟨   a 5 ,   0 . 5 ,   0 . 4 ⟩ }


  A . B


  { ⟨   a 1 ,   0 . 16 ,   0 . 76 ⟩ ,     ⟨ a 2 ,   0 . 15 ,   0 . 76 ⟩ ,     ⟨ a 3 ,   0 . 6 ,   0 . 2 ⟩ ,   ⟨   a 4 ,   0 . 08 ,   0 . 73 ⟩ ,  


                            ⟨   a 5 ,   0 ,   1 ⟩ }


    □ A = { ⟨   a 1 ,   0 . 4 ,   0 . 6 ⟩ ,     ⟨ a 2 ,   0 . 3 ,   0 . 7 ⟩ ,     ⟨ a 3 ,   1 ,   0 ⟩ ,     ⟨ a 4 ,   0 . 8 ,   0 . 2 ⟩ ,                          


                              ⟨   a 5 ,   0 . 5 ,   0 . 5 ⟩ }


  □ B = { ⟨   a 1 ,   0 . 4 ,   0 . 6 ⟩ ,     ⟨ a 2 ,   0 . 5 ,   0 . 5 ⟩ ,     ⟨ a 3 ,   0 . 6 ,   0 . 4 ⟩   ,     ⟨ a 4 ,   0 . 1 ,   0 . 9 ⟩ ,     ⟨ a 5 ,   0 ,   1 ⟩ }


  ◊ A = { ⟨   a 1 ,   0 . 4 ,   0 . 6 ⟩ ,     ⟨ a 2 ,   0 . 3 ,   0 . 7 ⟩ ,     a 3 ,   1 ,   0 ⟩ ,     ⟨ a 4 ,   0 . 9 ,   0 . 1 ⟩   ,     ⟨ a 5 ,   0 . 6 ,   0 . 4 ⟩ }


  ◊ B = { ⟨   a 1 ,   0 . 6 ,   0 . 4 ⟩ ,     ⟨ a 2 ,   0 . 8 ,   0 . 2 ⟩ ,     ⟨ a 3 ,   0 . 8 ,   0 . 2 ⟩   ,     ⟨ a 4 ,   0 . 3 ,   0 . 7 ⟩ ,     ⟨ a 5 ,   0 ,   1 ⟩ }


  C  ( A ) = { ⟨   a 3 ,   1 ,   0 ⟩ }


  C  ( B ) = { ⟨   a 3 ,   0 . 6 ,   0 . 2 ⟩ }


  I  ( A ) = { ⟨   a 2 ,   0 . 3 ,   0 . 7 ⟩ }


  I  ( B ) = { ⟨   a 5 ,   0 ,   1 ⟩ }


  □ A =   ◊   A - -


  ◊ A =   □   A - -


    □ A ⊂ A ⊂   ◊ A


    ◊ A . ◊ B -


    ◊ A + ◊ B -


    A ∩ B =    { ⟨ x ,   m i n  (   𝜇  A  ( x ) ,     𝜇  B  ( x ) )  , ⁡  m a x  (   v  A  ( x ) ,   v  B  ( x ) ) ⟩ | ⟩ x ∈ S }


  = { ⟨ x ,   m i n (   𝜇  A ( x ) ,   𝜇  B ( x ) ) ⟩ | x ∈ S }


  =  {   ⟨ x ,     𝜇  A  ( x ) ⟩ |  x ∈ S } ∩ {  ⟨ x ,   𝜇  B  ( x ) ⟩ | x ∈ S }


  = □ A ∩ □ B


  ◊  ( A . B ) = ◊  {  ⟨ x ,     𝜇  A  ( x ) .   𝜇  B  ( x ) ,   v  A  ( x ) +   v  B  ( x ) −   v  A  ( x ) .   v  B  ( x ) ⟩ |


                  x ∈ S }


  = { ⟨ x , 1 −   v  A ( x ) −   v  B ( x ) +   v  A ( x ) .   v  B ( x ) ⟩ | x ∈ S }


  =   { ⟨ x ,     v  A ( x ) +   v  B ( x ) −   v  A ( x ) .   v  B ( x ) ⟩ | x ∈ S } -


  =    {   ⟨ x ,   v  A ( x ) ⟩ |  x ∈ S } + { ⟨ x ,   v  B ( x ) ⟩ | x ∈ S } -


  =   ◊ A + ◊ B -


  A  ⊂ □ B  


    ∀   x ∈ S ) (   𝜇  A  ( x ) ≤   𝜇  B  ( x ) ) ,


  A  ⊂ ◊ B  


  ∀   x ∈ S )  (   v  A  ( x ) ≥   v  B  ( x ) ) .


  A  ⊂ □   B


  A  ⊂ ◊   B


  A  ⊂   □ B , i . e .  (   ∀ x ∈ S )  (   𝜇  A  ( x ) ≤   𝜇  B  ( x ) ) .


  ∀ x ∈ S )  (   𝜇  A  ( x ) ≤   𝜇  B  ( x ) ,   i . e . A  ⊂   □ B ) .


  A    ⊂ □ B   &   A  ⊂ ◊ B  


  A  ⊂ □ B   &   A □   B ,


  A  ⊂ ◊ B   &   B □ A


  A  ⊂ □ B   &   A  ⊂ ◊ B


   (   ∀ x ∈ S )  (   𝜇  A ( x ) ≤   𝜇  B ( x ) )   &    (   ∀ x ∈ S )  (   v  A ( x ) ≥   v  B ( x ) )


   (   ∀ x ∈ S )  (   𝜇  A ( x ) ≤   𝜇  B ( x )   &       v  A ( x ) ≥   v  B ( x ) )


  A ⊂ B


   (   ∀ x ∈ S )  (   𝜇  A  ( x ) ≤   𝜇  B    ( x ) &       v  A  ( x ) ≥   v  B  ( x ) ) ,


  i . e . A  ⊂ □ B   &   A  ⊂ ◊ B


   0 ¯


   0 ¯


   0 ¯


    I (   A - ) -


   ⟨   x 1 ,   𝜇  A  (   x 1 ) ,   v  A  (   x 1 ) ⟩  |   x 1 ∈   X 1 } ,


    B = { ⟨   x 2 ,   𝜇  A  (   x 2 ) ,   v  A  (   x 2 ) ⟩ |         x 2 ∈   X 2 }


  A × B


    x 1 ,   x 2 ⟩ ,   𝜇  A  (   x 1 ) .   𝜇  B  (   x 2 ) ,   v  A  (   x 1 ) .   v  B  (   x 2 ) ⟩ |     x 1 ∈   X 1 ,   x 2 ∈   X 2 }


  0 ≤   𝜇  A  (   x 1 ) .   𝜇  B  (   x 2 ) +   v  A  (   x 1 ) .   v  B  (   x 2 ) ≤   𝜇  A  (   x 1 ) +   v  A (   x 1 ) ≤ 1


    X 1 ,   X 2 ,   X 3


    X 1 )


    X 2 )


    X 3 ) .


  x ,   𝜇  A  ( x ) +   𝜇  B  ( x ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) ,   v  A  ( x ) .   v  B  ( x )  | x ∈ X } × C


  x , y ⟩ ,  (   𝜇  A  ( x ) +   𝜇  B  ( x ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) ) .   𝜇  C  ( y ) ,   v  A  ( x ) .   v  B  ( x ) .   v  C  ( y ) ⟩


  x ∈   X 1 , y ∈   X 2 }


              𝜇  A  ( x ) .   𝜇  C  ( y ) +   𝜇  B  ( x ) .   𝜇  C  ( y ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) .   𝜇  C  ( y ) ≤                                                                           𝜇  A  ( x ) .   𝜇  C  ( y ) +   𝜇  B  ( x ) .   𝜇  C  ( y ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) .   𝜇  C (   y ) 2


    v  A  ( x ) .   v  B  ( x ) .   v  C  ( y ) ≥   v  A  ( x ) .   v  B  ( x ) .   v  C (   y ) 2 ,


   ( A + B ) × C ⊂   { ⟨  ⟨ x , y ⟩ ,   𝜇  A  ( x ) .   𝜇  C  ( y ) +   𝜇  B  ( x ) .   𝜇  C  ( x ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) .   𝜇  C (   y ) 2 ,   v  A  ( x ) .   v  B  ( x ) .   v  C (   y ) 2 ⟩ | x ∈   X 1 , y ∈   X 2 }


  { ⟨  ⟨ x , y ⟩ ,   𝜇  A  ( x ) .   𝜇  C  ( y ) ,   v  A  ( x ) .   v  C ( y ) ⟩ | x ∈   X 1 , y ∈   X 2 }


  { ⟨  ⟨ x , y ⟩ ,   𝜇  B  ( x ) .   𝜇  C  ( y ) ,   v  B  ( x ) .   v  C ( y ) | x ∈   X 1 , y ∈   X 2 }


    X 1


    X 2


    □ ( A × B ) =


      □ { ⟨  ⟨ x , y ⟩     , 𝜇  A  ( x ) , 𝜇  B  ( y ) ,   v  A  ( x ) .   v  B ( y ) ⟩ | x ∈   X 1 , y ∈   X 2 }


  =  {  ⟨  ⟨ x , y ⟩ ,   𝜇  A  ( x ) .   𝜇  B  ( y ) , 1 −   𝜇  B  ( x ) .   𝜇  B  ( t ) ⟩ | x ∈   X 1 , y ∈   X 2 }


  ⊂ { ⟨ x , y ⟩ ,     𝜇  A  ( x ) .   𝜇  B  ( x ) ,  ( 1 −   𝜇  A  ( x ) ) .    ( 1 −   𝜇  B  ( y ) ) | x ∈       X 1   , y ∈   X 2 }


  = { ⟨ x ,   𝜇  A  ( x ) , 1 −   𝜇  A ( x ) ⟩ | x ∈   X 1 }


  ⟨ y ,   𝜇  B  ( y ) , 1 −   𝜇  B  ( y ) ⟩ | y ∈   X 2 }


    ( A  C  )  C = A


  (   A -  )  C =   (   A  C ) -


  ( A ∪ B  )  C =   A  C ∩   B  C


  ( A ∩ B  )  C =   A  C ∪   B  C


    A  C ∪   B  C =  { ⟨ x ,   𝜇  A  C ( x ) ,   v  A  C ( x ) ⟩ | x ∈ S } ∪  { ⟨ x ,   𝜇  B  C  ( x ) ,   v  B  C  ( x ) ⟩ | x ∈ S }


    = { ⟨ x ,   𝜇  A  C ( x )  ⋁    𝜇  B  C ( x ) ,   v  A  C ( x )  ⋀    v  A  C  ( x ) | x ∈ S }


  = {  ⟨ x ,   𝜇  A ∩ B  C  ( x ) ,   v  A ∪ B  C  ( x ) ⟩ | x ∈ S }


  = { ⟨ x ,   𝜇   ( A ∩ B ) ( x ) ,   v   ( A ∪ B ) ( x ) ⟩ x ∈ S  }  C


  = ( A ∩ B  )  C


  A = ⟨   𝜇  A ,   v  A ⟩


  B = ⟨   𝜇  B ,   v  B ⟩


   Φ  − 1  ( B ) = (  Φ  − 1  (   𝜇  B ) ,  Φ  − 1  (   v  B ) )


   Φ  − 1  ( B )  ( x ) =  (  Φ  − 1  (   𝜇  B )  ( x ) ,  Φ  − 1  (   v  B )  ( x ) ) = (   𝜇  B  ( Φ  ( x ) ) ,   v  B  ( Φ  ( x ) ) )


  Φ  ( A ) = ( Φ (   𝜇  A ) ,   Φ ( v  A ) )


  Φ  (   𝜇  A )  ( x ) =  {     sup ⁡   {   𝜇  A  ( t ) : t ∈  Φ  − 1  ( y ) }         i f        Φ  − 1 ( y ) ≠ ∅   0                                                                               o t h e r w i s e


    Φ ( v  A )  ( x ) =  {     inf ⁡   {   v  A  ( t ) :     t ∈  Φ  − 1  ( y ) }               i f      Φ  − 1 ( y ) ≠ ∅   1                                                                                       o t h e r w i s e  


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A ( x y ) ≥ i n f {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


    v  A ( x y ) ≤ s u p {   v  A  ( x ) ,     v  A  ( y ) }


    𝜇  A : S →  [ 0 ,   1 ]


    𝜇  A  ( x ) =  {    0 . 6             i f           x ∈ E   0 . 4           i f           x ∈ O ,


    v  A : S → [ 0 ,   1 ]


    v  A  ( x ) =  {    0 . 5               i f           x ∈ E   0 . 7             i f           x ∈ O .


    x ,   y ∈ E ,  


    𝜇  A  ( x ) =   𝜇  A  ( y ) = 0 . 6  


    𝜇  A  ( x + y ) = 0 . 6  


    v  A  ( x ) =   v  A  ( y ) = 0 . 5


    v  A  ( x + y ) = 0 . 5


  x ,   y ∈ O


    𝜇  A  ( x ) =   𝜇  A  ( y ) = 0 . 4


    𝜇  A  ( x + y ) = 0 . 6  


    v  A  ( x ) =   v  A  ( y ) = 0 . 7


    v  A  ( x + y ) = 0 . 5


  x ∈ E


  y ∈ O


    𝜇  A  ( x ) = 0 . 6 ,     𝜇  A  ( y ) = 0 . 4  


    𝜇  A  ( x + y ) = 0 . 4 ,


    v  A  ( x ) = 0 . 5 ,     v  A  ( y ) = 0 . 7


    v  A  ( x + y ) = 0 . 7


    𝜇  A  ( x + y ) ≥ inf ⁡ {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


    v  A  ( x + y ) ≤  sup ⁡   {   v  A  ( x ) ,     v  A  ( y ) }


  x ,   y ∈ S


  A = ⟨   𝜇  A ,     v  A ⟩


  S =  { 0 ,   1 ,   2 ,   3 , 4   }


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( 0 ) =   𝜇  A  ( 1 ) =   𝜇  A  ( 2 ) = 0 . 6


    𝜇  A  ( 3 ) =   𝜇  A  ( 4 ) = 0 . 2


    v  A  ( 0 ) =   v  A  ( 1 ) =   v  A  ( 2 ) = 0 . 2


    v  A  ( 3 ) =   v  A  ( 4 ) = 0 . 6


  A = ⟨   𝜇  A ,     v  A ⟩


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A ( x y ) ≥   𝜇  A ( y )


    v  A ( x y ) ≤   v  A ( y )


  x ,   y ∈ S


    𝜇  A ( x y ) ≥   𝜇  A ( x )


    v  A ( x y ) ≤   v  A ( x )


  x ,   y ∈ S


  𝜇 : S → [ 0 ,   1 ]


  v : S → [ 0 ,   1 ]


    𝜇  A  ( x ) =  {    0 . 5             i f           x ∈ ℚ   0 . 3             i f           x ∉ ℚ ,


    v  A  ( x ) =  {    0 . 2           i f           x ∈ ℚ   0 . 7           i f           x ∉ ℚ .


  A = ⟨   𝜇  A ,     v  A ⟩


  S =  { 1 ,   2 ,   3 }


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A  ( 1 ) =   𝜇  A  ( 2 ) =   𝜇  A  ( 3 ) = 0 . 5


    v  A  ( 1 ) =   v  A  ( 2 ) =   v A  ( 3 ) = 0 . 3


  A = ⟨   𝜇  A ,     v  A ⟩


  S = { 1 ,   2 }


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A  ( 1 ) = 0 . 6   ,     𝜇  A  ( 2 ) = 0 . 4


    v  A  ( 1 ) = 0 . 2   ,     v  A  ( 2 ) = 0 . 5


  A = ⟨   𝜇  A ,   v  A ⟩  


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,     v  A ⟩


            𝜇  A  ( x w y ) ≥  inf ⁡   {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


    v  A ( x w y ) ≤ sup ⁡ {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


  w ,   x ,   y ∈ S


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A  ( 1 ) = 0 . 6 ,     𝜇  A  ( 2 ) = 0 . 5 ,     𝜇  A  ( 3 ) = 0 . 4 ,     𝜇  A  ( 4 ) = 0 . 4 ,     𝜇  A  ( 5 ) = 0 . 3 ,


    v  A  ( 1 ) =   v  A  ( 2 ) = 0 . 3 ,     v  A  ( 3 ) = 0 . 4 ,     v  A  ( 4 ) = 0 . 5 ,     v  A  ( 5 ) = 0 . 6


    v  A  ( 1 ) =   v  A  ( 2 ) = 0 . 3 ,     v  A  ( 3 ) = 0 . 4 ,     v  A  ( 4 ) = 0 . 5 ,     v  A  ( 5 ) = 0 . 6


  A = ⟨   𝜇  A ,     v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  w ,   x ,   y ∈ S


    𝜇  A  ( x w y ) =   𝜇  A  ( x w ) y ) ≥   𝜇  A ( y ) ≥ inf ⁡ {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


    v  A  ( x w y ) =   v  A (  ( x w ) y ) ≤   v  A ( y ) ≤ sup ⁡ {   v  A  ( x ) ,     v  A  ( y ) }


  A = ⟨   𝜇  A ,   v  A ⟩


    A  i  }  i ∈ ⋀


   ⋂    A  i


   ⋂    A  i = (  ⋀    𝜇    A  i ,      ⋁    v    A  i )


   


   ⋀    𝜇    A  i  ( x ) = inf ⁡ {   𝜇    A  i ( x ) | i ∈  ⋀  ,     x ∈ S }


   ⋁    v    A  i  ( x ) = sup ⁡ {   v    A  i ( x ) | i ∈  ⋀  ,       x ∈ S }


  A = ⟨   𝜇  A ,   v  A ⟩


  □ A = ⟨   𝜇  A ,     𝜇  A  C ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A ( x w  ( y z ) ) ≥ inf ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) ,   𝜇  A  ( z ) }


    v  A  ( x w  ( y z ) ) ≤  sup ⁡   {   v  A  ( x ) ,   v  A  ( y ) ,   v  A  ( z ) }


  w , z ,   x   , y ∈ S


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( 1 ) =   𝜇  A  ( 2 ) =   𝜇  A  ( 3 ) = 1


    𝜇  A  ( 1 ) =   𝜇  A  ( 2 ) =   𝜇  A  ( 3 ) = 1


    𝜇  A  ( 4 ) =   𝜇  A  ( 5 ) = 0


    v  A  ( 1 ) =   v  A  ( 2 ) =   v  A  ( 3 ) = 0


    v  A  ( 1 ) =   v  A  ( 2 ) =   v  A  ( 3 ) = 0


    v  A  ( 4 ) =   v  A  ( 5 ) = 1


  A = ⟨   𝜇  A ,   v  A ⟩


  M = { 1 ,   2 ,   3 }


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x ) =  {    1               i f       x ∈ M   0           o t h e r   w i s e


    v  A  ( x ) =  {    0                 i f               x ∈ M   1                 o t h e r   w i s e .    


  A = ⟨   𝜇  A ,   v  A ⟩


  A  ( a ) = A (   a 2 )


  a ∈ S


  A = ⟨   𝜇  A ,   v  A ⟩


  A  ( a ) = A  (   a 2 )


  a ∈ S


  A = ⟨   𝜇  A ,   v  A ⟩


  A  ( a b ) = A ( b a )


  a ,   b ∈ S


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A


    v  A  C


  A = ⟨   𝜇  A ,   v A ⟩


  □ A = ⟨   𝜇  A ,   𝜇  A  C ⟩


  ◊ A = ⟨   v  A ,   v  A  C ⟩


  f : S → T


  B = ⟨   𝜇  B ,   v  B ⟩


    f  − 1  ( B ) = (   f  − 1  (   𝜇 B ) ,     f  − 1  (   v B ) )


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛾 y ) ≥  min ⁡   {   𝜇  A  ( x ) ,   𝜇  A  ( y ) } ,   ∀   x , y ∈ S   a n d     ∀ 𝛾 ∈ 𝛤


    v  A  ( x 𝛾 y ) ≤  max ⁡   {   v  A  ( x ) ,   v  A  ( y ) } ,   ∀ x , y ∈ S     a n d     ∀ 𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


  a ,   b ∈ S


  U  (   𝜇  A ,   𝜇  A  ( a ) ) , U  (   𝜇  A ,   𝜇  A  ( b ) ) , L  (   v  A ,   v  A  ( a ) )


  L (   v  A ,   v  A  ( b ) )


  U  (   𝜇  A ,   𝜇  A  ( a ) ) = S = U (   𝜇  A ,   𝜇  A  ( b ) )


  L  (   v  A ,   v  A  ( a ) ) = S = L (   v  A ,   v  A  ( b ) )


  a ∈ U  (   𝜇  A ,   𝜇  A  ( b ) ) ,   L (   v  A ,   v  A  ( b ) )


  b ∈ U  (   𝜇  A ,   𝜇  A  ( a ) ) , L (   v  A ,   v  A  ( a ) )


    𝜇  A  ( a ) ≥   𝜇  A  ( b ) ,     v  A ( a ) ≤   v  A ( b )


    𝜇  A  ( b ) ≥   𝜇  A  ( a ) ,   v  A ( b ) ≤   v  A ( a )


    𝜇  A  ( a ) =   𝜇  A ( b )


    v  A  ( a ) =   v  A ( b )


  a ,   b ∈ S


  (   𝜘  I ,   𝜘  I  c )


  x ∈ S


  (   𝜘  I ,   𝜘  I  c )


    𝜇  I  ( x ) =   𝜇  I ( a )


    v  I  ( x ) =   v  I  ( a )   ∀ a ∈ I


   (   𝜘  I  ( x ) ,   𝜘  I  c  ( x ) ) = ( 1 ,   0 )


  x ∈ I


  S = I


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛼 a 𝛽 y ) ≥   𝜇  A  ( a ) ,     ∀   x , y ∈ S     a n d       ∀   𝛾 ∈ 𝛤


    v  A  ( x 𝛼 a 𝛽 y ) ≤   v  A  ( a ) ,     ∀   x , y ∈ S     a n d         ∀   𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛾 y ) ≥   𝜇  A  ( y ) ,       ∀   x , y ∈ S       a n d       ∀   𝛾 ∈ 𝛤


    v  A  ( x 𝛾 y ) ≤   v  A  ( y ) ,       ∀   x , y ∈ S       a n d       ∀   𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛾 y ) ≥   𝜇  A  ( x ) ,       ∀   x , y ∈ S     a n d       ∀   𝛾 ∈ 𝛤


    v  A  ( x 𝛾 y ) ≤   v  A  ( x ) ,       ∀   x , y ∈ S     a n d       ∀   𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


  a 𝛾 b


  a ,   𝛾 ,   b


  a ,   b ∈ S


  𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A =  {    1             i f                                 x = 0   0 . 1           i f           x = − 1 , − 2  


    𝜇  A =  {    0                   i f               − 3 , − 6   0 . 4           o t h e r w i s e              


    v  A =  {    0                 i f             x = 0                       0 . 8           i f               x = − 1 , − 2


    v  A =  {    1                 i f             x = − 3 , − 6   0 . 5       o t h e r w i s e                            


  A = ⟨   𝜇  A ,   v  A ⟩


  {   A  i  }  i ∈ ⋀


    ⋂  i ∈ ⋀    A  i


  B =   ⋂  i ∈ ⋀    A  i


  x ,   a ,   y ∈ S ,   𝛼 ,   𝛽 ,   𝛾 ∈ Г


    𝜇  B  ( x 𝛾 y ) =   i n f  i ∈ ⋀ {   𝜇    A  i  ( x 𝛾 y )


  ≥   i n f  i ∈ ⋀ {  min ⁡   {   𝜇    A  i  ( x ) ,     𝜇    A  i  ( y ) } }


  = min ⁡ {     i n f  i ∈ ⋀ {   𝜇    A  i  ( x ) ,     i n f  i ∈ ⋀  {   𝜇    A  i ,  ( y ) }   }


  = min ⁡ {   𝜇  B  ( x ) ,     𝜇  B  ( y ) }


    v  B  ( x 𝛾 y ) =   s u p  i ∈ ⋀ {   v    A  i  ( x 𝛾 y ) }


  ≤   s u p  i ∈ ⋀ {  max ⁡   {   v    A  i  ( x ) ,     v    A  i  ( y ) } }


  = max ⁡ {   s u p  i ∈ ⋀  {   v    A  i  ( x ) } ,   s u p  i ∈ ⋀  {   v    A  i  ( y ) }   }


  = max ⁡ {   v  B  ( x ) ,   v  B  ( y ) }


    ⋂  i ∈ ⋀    A  i


    𝜇  B  ( a ) =   i n f  i ∈ ⋀ {   𝜇    A  i ( a ) } ≤   i n f  i ∈ ⋀ {   𝜇    A  i  ( x 𝛼 a 𝛽 y ) =   𝜇  B ( x 𝛼 a 𝛽 y )


    v  B  ( a ) =   s u p  i ∈ ⋀ {   v    A  i ( a ) ≥   s u p  i ∈ ⋀ {   v    A  i  ( x 𝛼 a 𝛽 y ) =   v  B ( x 𝛼 a 𝛽 y )


    ⋂  i ∈ ⋀    A  i


  A = ⟨   𝜇  A ,   v  A ⟩


    □ A = ⟨   𝜇  A ,   𝜇  A  C ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  ◊ A = ⟨   v  A  C ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  □ A


  ◊ A


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A


    v  A  C


  t ∈ [ 0 ,   1 ]


  U  ( 𝜇 ; t ) = { x ∈ S   : 𝜇 ( x ) ≥ t }


  L  ( 𝜇 ; t ) = { x ∈ S : 𝜇 ( x ) ≤ t } )


  S = { a ,   b ,   c }


  𝛤 = { 𝛾 ,   𝛿 }


  U  ( 𝜇 ; t ) = { a ,   b }


  L  ( 𝜇 ; t ) = { b ,   c }


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ I m  (   𝜇  A )  ⋂  I m  (   v  A )


  t ∈ I m (   𝜇  A ) ∩ I m (   v  A )


  x ,   y ∈ U (   𝜇  A ; t )


  𝛾 ∈ Г


    𝜇  A ( x ) ≥ t


    𝜇  A  ( y ) ≥ t


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A ( x 𝛾 y ) ≥ min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( x ) ,   𝜇  A  ( y ) } ≥ t


  x 𝛾 y ∈ U (   𝜇  A ; t )


  U (   𝜇  A ; t )


  x ,   y ∈ S ,   a ∈ U (   𝜇  A ; t )


  𝛼 , 𝛽 ∈ Г


    𝜇  A ( a ) ≥ t


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A ( x 𝛼 a 𝛽 y ) ≥   𝜇  A ( a ) ≥ t


  x 𝛼 a 𝛽 y ∈ U (   𝜇  A ; t )


  U (   𝜇  A ; t )


  x ,   y ∈ L  (   v  A ; t )


  𝛾 ∈ Г


    v  A ( x ) ≤ t


    v  A ( y ) ≤ t


  A = ⟨   𝜇  A ,   v  A   ⟩


    v  A ( x 𝛾 y ) ≤ max ⁡ {   v  A  ( x ) ,   v  A  ( y ) } ≤ t


  x 𝛾 y ∈ L (   v  A ; t )


  L (   v  A ; t )


  x , y ∈ S ,     a ∈ L (   v  A ; t )


  𝛼 , 𝛽 ∈ Г


    v  A ( a ) ≤ t


  A = ⟨   𝜇  A ,   v  A ⟩


    v  A ( x 𝛼 a 𝛽 y ) ≤   v  A ( a ) ≤ t


  x 𝛼 a 𝛽 y ∈ L (   v  A ; t )


  L (   v  A ; t )


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ [ 0 ,   1 ]


  A = ⟨   𝜇  A ,   v  A ⟩


  t ∈  [ 0 ,   1 ] ,


  U (   𝜇  A ; t )


  L (   v  A ; t )


  A = ⟨   𝜇  A ,   v  A ⟩


  x , y ∈ S


  𝛾 ∈ Г


    t 0 = min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) }


    t 0 = min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) }


    t 1 = max ⁡ {   v  A  ( x ) ,   v  A  ( y ) }


  x , y ∈ U  (   𝜇  A ;   t 0 )


  x , y ∈ L (   v  A ;   t 1 )


  x 𝛾 y ∈ U  (   𝜇  A ;   t 0 )


  x 𝛾 y ∈ L (   v  A ;   t 1 )


    𝜇  A  ( x 𝛾 y ) ≥   t 0 = min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) }


  x 𝛾 y ≤   t 1 = max ⁡ {   v  A  ( x ) ,   v  A  ( y ) }


  A = ⟨   𝜇  A ,   v  A ⟩


  x ,   a ,   y ∈ S


  𝛼 ,   𝛽 ∈ Г


    t 2 =   𝜇  A ( a )


    t 3 =   v  A ( a )


  a ∈ U (   𝜇  A ;   t 2 )


  a ∈ L (   v  A ;   t 3 )


  x 𝛼 a 𝛽 y ∈ U (   𝜇  A ;   t 2 )


  x 𝛼 a 𝛽 y ∈ L (   v  A ;   t 3 )


    𝜇  A  ( x 𝛼 a 𝛽 y ) ≥   t 2 =   𝜇  A ( a )


  x 𝛼 a 𝛽 y ≤   t 3 =   v  A ( a )


  A = ⟨   𝜇  A ,   v  A ⟩


  𝜇  ( x ) ≔  {      𝛼 0             i f         x ∈ I                   𝛼 1             i f       x ∈ S − I


  v  ( x ) ≔  {      𝛽 0         i f           x ∈ I                   𝛽 1         i f         x ∈ S − I


  0 ≤   𝛼 1 <   𝛼 0


  ≤   𝛽 0 <   𝛽 1


    𝛼  i +   𝛽  i ≤ 1


  i = 0 ,   1


  A = ⟨ 𝜇 , v ⟩


  U  ( 𝜇 ;   𝛼 0 ) = I = U ( v ;   𝛽 0 )


    𝜒  I


  I = (   𝜒  I ,   𝜒  I  c )


  a + 𝛼 + b


  a ,   𝛼 ,   b


  a ,   b ∈ S


  𝛼 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x ) =  {    1                     i f     x = 4 n + 1   0 . 3             i f       x = 4 n + 3


    v  A  ( x ) =  {    0                   i f     x = 4 n + 1   0 . 6           i f       x = 4 n + 3


  A = ⟨   𝜇  A ,   v  A ⟩


  B = ⟨   𝜇  B ,   v  B ⟩


   Φ  − 1  ( B ) = (  Φ  − 1  (   𝜇  B ) ,  Φ  − 1  (   v  B ) )


  A = ⟨   𝜇  A ,   v  A ⟩


  Φ  ( A ) = ( Φ  (   𝜇  A ) , Φ  (   v  A ) )


  B = ⟨   𝜇  B ,   v  B ⟩


  B = ⟨   𝜇  B ,   v  B ⟩


  x , y ∈ S


  𝛾 ∈ Г


   Ф  − 1  (   𝜇  B )  ( x 𝛾 y ) =   𝜇  B  ( Ф  ( x 𝛾 y ) ) =   𝜇  B ( Ф  ( x ) 𝛾 Ф  ( y ) )


  ≥ min ⁡ {   𝜇  B  ( Ф  ( x ) ) ,   𝜇  B  ( Ф  ( y ) ) }


  = min ⁡ {  Ф  − 1  (   𝜇  B )  ( x ) ,  Ф  − 1  (   𝜇  B )  ( y ) }


   Ф  − 1  (   v  B )  ( x 𝛾 y ) =   v  B  ( Ф  ( x 𝛾 y ) ) =   v  B ( Ф  ( x ) 𝛾 Ф  ( y ) )


  ≤ max ⁡ {   v  B  ( Ф  ( x ) ) ,     v  B  ( Ф  ( y ) ) }


  = max ⁡ {  Ф  − 1 (   v  B  ( x ) ,  Ф  − 1  (   v  B )  ( y ) }


   Ф  − 1  ( B ) = (  Ф  − 1  (   𝜇  B ) ,  Ф  − 1  (   v  B ) )


  x ,   y ,   a ∈ S


  𝛼 ,   𝛽 ∈ Г


   Ф  − 1  (   𝜇  B )  ( x 𝛼 a 𝛽 y ) =   𝜇  B ( Ф  ( x 𝛼 a 𝛽 y ) )


  =   𝜇  B ( Ф  ( x ) 𝛼 Ф  ( a ) 𝛽 Ф  ( y ) )


  ≥   𝜇  B  ( Ф  ( a ) ) =  Ф  − 1  (   𝜇  B ) ( a )


  And


   Ф  − 1  (   v  B )  ( x 𝛼 a 𝛽 y ) =   v  B ( Ф  ( x 𝛼 a 𝛽 y ) )


  =   v  B ( Ф  ( x ) 𝛼 Ф  ( a ) 𝛽 Ф  ( y ) )


  ≤   v  B  ( Ф  ( a ) ) =  Ф  − 1 (   v  B ( a )


   Ф  − 1  ( B ) = (  Ф  − 1  (   𝜇  B ) ,    Ф  − 1 ( v  B ) )


  A = ⟨   𝜇  A ,   v  A ⟩


  ( Ф  (   𝜇  A )  (   x ′ ) =   s u p  Ф  ( x ) =   x ′ {   𝜇  A  ( x ) }


    x ′ ∈ T


   ( Ф  (   v  A ) )  (   x ′ ) =   i n f  Ф  ( x ) =   x ′ {   v  A  ( x ) }


    x ′ ∈ T


  Ф  ( A ) = ( Ф  (   𝜇  A ) , Ф  (   v  A ) )


    x ′   , y ′ ∈ T


  𝛾 ∈ Г


   ( Ф  (   𝜇  A ) )  (   x ′   𝛾 y ′ ) =   s u p  Ф  ( z ) =   x ′ 𝛾   y ′ {   𝜇  A  ( z ) }


  ≥   s u p  Ф  ( x ) =   x ′ , Ф  ( y ) =   y ′ {   𝜇  A  ( x 𝛾 y ) }


  = min ⁡ { ⁡   s u p  Ф  ( x ) =   x ′  {   𝜇  A  ( x ) } ,     s u p  Ф  ( y ) =   y ′  {   𝜇  A  ( y ) } }


  = min ⁡ {  ( Ф  (   𝜇  A ) )  (   x ′ ) ,  ( Ф  (   𝜇  A ) )  (   y ′ ) }


   ( Ф  (   v  A ) )  (   x ′   𝛾 y ′ ) =   i n f  Ф  ( z ) =   x ′   𝛾 y ′ {   v  A  ( z ) }


  ≤   i n f  Ф  ( x ) =   x ′ , Ф  ( y ) =   y ′ {   v  A  ( x 𝛾 y ) }


  ≤   i n f  Ф  ( x ) =   x ′ , Ф  ( y ) =   y ′ {  max ⁡   {   v  A  ( x ) ,   v  A  ( y ) } }


  = max ⁡ {   i n f  Ф  ( x ) =   x ′  {   v  A  ( x ) } ,     i n f  Ф  ( y ) =   y ′  {   v  A  ( y ) } }


  = max ⁡ {  ( Ф  (   v  A ) )  (   x ′ ) ,  ( Ф  (   v  A ) )  (   y ′ ) }


  Ф  ( A ) = ( Ф  (   𝜇  A ) , Ф  (   v  A ) )


    x ′   y ′   a ′ ∈ T


  𝛼 ,   𝛽 ∈ Г


   ( Ф  (   𝜇  A ) )  (   x ′ 𝛼   a ′ 𝛽   y ′ ) =   s u p  Ф  ( z ) =   x ′   𝛼   a ′ 𝛽   y ′ {   𝜇  A  ( z ) }


  ≥   s u p  Ф  ( x ) =   x ′ , Ф  ( a ) =   a ′ , Ф  ( y ) =   y ′ {   𝜇  A  ( x 𝛼 a 𝛽 y ) }


  ≥   s u p  Ф  ( a ) =   a ′ {   𝜇  A  ( a ) }


  =  ( Ф  (   𝜇  A ) ) (   a ′ )


   ( Ф  (   v  A ) )  (   x ′ 𝛼   a ′ 𝛽   y ′ ) =   i n f  Ф  ( z ) =   x ′   𝛼   a ′ 𝛽   y ′ {   v  A  ( z ) }


  ≤   i n f  Ф  ( x ) =   x ′ , Ф  ( a ) =   a ′ , Ф  ( y ) =   y ′ {   v  A  ( x 𝛼 a 𝛽 y ) }


  ≤   i n f  Ф  ( a ) =   a ′ {   v  A  ( a ) }


  =  ( Ф  (   v  A ) ) (   a ′ )


  Ф  ( A ) = ( Ф  (   𝜇  A ) , Ф  (   v  A ) )


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  x ,   y ∈ S


  𝛾 ∈ Г


    𝜇  A ( x 𝛾 y ) ≥   𝜇  A ( x )


    𝜇  A ( x 𝛾 y ) ≥   𝜇  A ( y )


    𝜇  A ( x 𝛾 y ) ≥ min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) }


    v  A ( x 𝛾 y ) ≤   v  A ( x )


    v  A ( x 𝛾 y ) ≤   v  A ( y )


    v  A ( x 𝛾 y ) ≤ max ⁡ {   v  A  ( x ) ,   v  A  ( y ) }


  A = ⟨   𝜇  A ,   v  A ⟩


  x ,   a ,   y ∈ S


  𝛼 ,   𝛽 ∈ Г


    𝜇  A  ( x 𝛼 a 𝛽 y ) =   𝜇  A ( x 𝛼  ( a 𝛽 y ) ) ≥   𝜇  A ( a 𝛽 y ) ≥   𝜇  A ( a )


    v  A  ( x 𝛼 a 𝛽 y ) =   v  A ( x 𝛼  ( a 𝛽 y ) ) ≤   v  A ( a 𝛽 y ) ≤   v  A ( a )


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  x ,   y ∈ S   ,   𝛾 ∈ Г


  x ∈ S  


  a ∈ S


  𝛼 ,   𝛽 ∈ Г


  x = x 𝛼 a 𝛽 x


    𝜇  A  ( x 𝛾 y ) =   𝜇  A ( x 𝛼 a 𝛽 x 𝛾 y ) ≥   𝜇  A ( x )


    v  A  ( x 𝛾 y ) =   v  A ( x 𝛼 a 𝛽 x 𝛾 y ) ≤   v  A ( x )


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  f ∈ A u t ( S )


  f  (   A  2 , 3 ) = 2   A  2 , 3


  f ∈ A u t ( S )


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x ) =  {    0 . 3         i f     x =  (       0  0  0      0  0  0 )   0 . 2                                 o t h e r w i s e


    v  A  ( x ) =  {    0 . 6             i f         x =  (       0  0  0      0  0  0 )   0 . 8           o t h e r w i s e                              


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( f  ( x ) ) =   𝜇  A ( x )


    v  A  ( f  ( x ) ) =   v  A  ( x )   ∀   x ∈ S


  ∀   x ∈ A u t  ( S )


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ I m (   𝜇  A ) ∩ I m (   v  A )


  t ∈ I m (   𝜇  A ) ∩ I m (   v  A )


  U (   𝜇  A ; t )


  L (   v  A ; t )


  f ∈ A u t ( S )


  x ∈ U (   𝜇  A ; t )


    𝜇  A ( x ) ≥ t


    𝜇  A ( f  ( x ) ) ≥ t


  f ( x ) ∈ U (   𝜇  A ; t )


  f ( U (   𝜇  A ; t ) ⊂ U (   𝜇  A ; t )


  x ∈ U (   𝜇  A ; t )


  y ∈ S


  f  ( y ) = x


    𝜇  A  ( y ) =   𝜇  A  ( f  ( y ) ) =   𝜇  A ( x ) ≥ t


  y ∈ U (   𝜇  A ; t )


  f ( y ) ∈ f ( U  (   𝜇  A ; t ) )


  x ∈ f ( U (   𝜇  A ; t )


  U (   𝜇  A ; t ) ⊂ f ( U  (   𝜇  A ; t ) )


  U  (   𝜇  A ; t ) = f ( U  (   𝜇  A ; t ) )


  U (   𝜇  A ; t )


  L (   v  A ; t )


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ [ 0 ,   1 ]


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ [ 0 ,   1 ]


  f ∈ A u t ( S )


  x ∈ S


    𝜇  A  ( x ) ≔   t 0


    v  A  ( x ) ≔   t 1


  x ∈ U (   𝜇  A ;   t 0 )


  x ∈ L (   v  A ;   t 1 )


  U  (   𝜇  A ;   t 0 ) = f ( U  (   𝜇  A ;   t 0 ) )


  L  (   v  A ;   t 1 ) = f ( L  (   v  A ;   t 1 ) )


  f ( x ) ∈ U (   𝜇  A ;   t 0 )


  f ( x ) ∈ L (   v  A ;   t 1 )


    𝜇  A ( f  ( x ) ) ≥   t 0


    v  A ( f  ( x ) ) ≤   t 1


    t 2 =   𝜇  A ( f  ( x ) )


    t 3 =   v  A ( f  ( x ) )


    t 2 ≥   t 0


    t 3 ≤   t 1


  f  ( x ) ∈ U  (   𝜇  A ;   t 2 ) = f ( U  (   𝜇  A ;   t 2 ) )


  f  ( x ) ∈ L  (   v  A ;   t 3 ) = f  ( L  (   v  A ;   t 3 ) )


  f


  x ∈ U (   𝜇  A ;   t 2 )


  x ∈ L (   v  A ;   t 3 )


    𝜇  A ( x ) ≥   t 2


    v  A ( x ) ≤   t 3


    t 0 ≥   t 2


    t 1 ≤   t 3


    𝜇  A  ( f  ( x ) ) =   𝜇  A ( x )


    v  A  ( f  ( x ) ) =   v  A ( x )


  A = (   𝜇  A ,   v  A )


    𝜒  I


  I = (   𝜒  I ,   𝜒  I  c )


  A = ⟨   𝜇  A ,   v  A ⟩


  a ,   b ∈ S


  < a >


  < b >


  a


  b


  x ,   y ,   u ,   v ∈ S


  𝛼 ,   𝛽 ,   𝛾 ,   𝛿 ∈ Г


  a = x 𝛼 b 𝛽 y


  b = u 𝛾 a 𝛿 v


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛼 b 𝛽 y ) ≥   𝜇  A  ( b ) ,     𝜇  A ( u 𝛾 a 𝛿 v ) ≥   𝜇  A ( a )


    v  A  ( x 𝛼 b 𝛽 y ) ≤   v  A  ( b ) ,     v  A ( u 𝛾 a 𝛿 v ) ≤   v  A ( a )


    𝜇  A  ( a ) ≥   𝜇  A  ( b ) ,   𝜇  A ( b ) ≥   𝜇  A ( a )


    v  A  ( a ) ≤   v  A  ( b ) ,   v  A ( b ) ≤   v  A ( a )


    𝜇  A  ( a ) =   𝜇  A ( b )


    v  A  ( a ) =   v  A ( b )


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩

