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Introduction 

                                                                                                               After 
the introduction of fuzzy sets by Zadeh[16], reconsideration of the concept of 

classical mathematics began. On the other hand, because of the importance of 

group theory in mathematics, as well as its many areas of application, the 

notion of fuzzy subgroups was defined by Rosenfeld [4] and its structure was 

investigated. Das characterized fuzzy subgroups by their level subgroups in 

[24]. Nobuaki Kuroki [1, 22] is the pioneer of fuzzy ideal theory of semigroups. 

The idea of fuzzy subgroup was also introduced by Kuroki[1, 22].                                                                                                                

In 2007,Uckun, Ozturk and Jun [21] introduced the notions of intuitionistic 

fuzzy ideals in Г-semigroups. Motivated by Kuroki [1, 22], Uckun et.al. 

[1],Sardar et al.[1, 30] have initiated the study of  Г-semigroups in terms of 

fuzzy sets. We study the notion of intuitionistic fuzzy interior ideals and 

intuitionistic fuzzy characteristic interior ideals of  Г-semigroup. Finally, In 

this study we will see characterization of simple Г-semigroup in terms of 

intuitionistic fuzzy interior ideal.            

     This study will be organized as 

follows:                                                                                                  

  Chapter I : Г-semigroups                                

 

1.1-semigroup               

 1.2-(𝑚, 𝑛)-ideals in 

semigroups:                             

1.3- Г-semigroup                             



 

Chapter II :Intuitionistic fuzzy sets:                         

  

2.1-Fuzzy set                

2.2-Intuitionistic fuzzy 

sets                                                                                    

  

Chapter III :Intuitionistic fuzzy interior ideals of Г-semigroups: 

3.1-Intuitionistic fuzzy subsemigroups 

3.2-Intuitionistic fuzzy interior ideals of  Г-semigroup 
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Abstract                                                                        

                                                                                                                                 

    This study is devoted to the concept of intuitionistic fuzzy interior 

ideals of  Г-semigroup, by using Atanssov's idea and investigate 

some of their important properties.We will see a characterization of 

a simple Г-semigroup in terms of intuitionistic fuzzy interior ideals. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Chapter One: Γ-Semigroups  

 

   This chapter is devoted to the concepts that we need in the following 

chapters. The materials in this chapter are taken from the following 

references: [2], [3], [5], [6], [7], [9], [10], [16], [17], [18], [19], [20], [22], [23], 

[26], [27], [28],[29], [30], [33], [34], [35], [36], [37], [38]. 

1.1 Relations: 

     Some describe or define mathematics as the study of relations. Since a 

relation is a set of ordered pairs, we get our first glimpse of the fundamental 

importance of the concept of an ordered pair. 

 

Definition 1.1.1: 

      If A and B are any non-empty sets, then the product (or Cartesian product ) 

A × B   is defined by:  

        𝐴 × 𝐵 = {(𝑎, 𝑏): 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵}. 

 

Definition 1.1.2: 

      A binary relation or simply a relation  R  from a set A  into a set B is a 

subset of A × B, and we write that  𝑎𝑅𝑏  or (𝑎, 𝑏) ∈ 𝑅 . 

 

Definition 1.1.3: 

       Let R  be a relation on the set S . Then                                                     (i)   A 

relation R  is called reflexive if (𝑎, 𝑎) ∈ 𝑅  for all  𝑎 ∈ 𝑆.                    

(ii)  A relation R  is called irreflexive if  (𝑎, 𝑎) ∉ 𝑅   for some  𝑎 ∈ 𝑆.      (iii) A 

relation R  is called anti-reflexive if (𝑎, 𝑎) ∉ 𝑅   for all  𝑎 ∈ 𝑆. 
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(iv) A relation R  is called symmetric if (𝑎, 𝑏) ∈ 𝑅 implies  (𝑏, 𝑎) ∈ 𝑅             for 

any  𝑎, 𝑏 ∈ 𝑆. 

(v) A relation R  is called anti-symmetric if (𝑎, 𝑏) ∈ 𝑅   and                             

(𝑏, 𝑎) ∈ 𝑅  implies  𝑎 = 𝑏  for all   𝑎, 𝑏 ∈ 𝑆. 

(vi) A relation R  is called transitive if (𝑎, 𝑏) ∈ 𝑅  and  (𝑏, 𝑐) ∈ 𝑅                     

implies  (𝑎, 𝑐) ∈ 𝑅  for all  𝑎, 𝑏, 𝑐 ∈ 𝑆. 

 

Definition 1.1.4: 

      A relation R on a set S  is an equivalence relation, if R  is reflexive, 

symmetric, and transitive.                                                                           

 

Definition 1.1.5                                                                                                               Let R  

be an equivalence relation on a set S . Then equivalence class of any element  
𝑎 ∈ 𝑆  denoted by [𝑎], or 𝑅𝑎  is the set {𝑥 ∈ 𝑆: 𝑥𝑅𝑎}. 

                                                                                                                              Theorem 

1.1.1: 

     Let R  be an equivalence relation on a set S . Then                                  (i) For 

all  𝑎 ∈ 𝑆, [𝑎] ≠ ∅. 

(ii) If  𝑏 ∈ [𝑎] then [𝑏] = [𝑎]. 

(iii) For all  𝑎, 𝑏 ∈ 𝑆, either [𝑎] = [𝑏] or [𝑎] ∩ [𝑏] = ∅.                 

(iv)  𝑆 = ⋃ [𝑎] 𝑎∈𝑆 , is the union of all equivalence classes with   respect  to  R .                                                                                                              
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Proposition 1.1.1:                                                                                                        Any 

equivalence relation on S  gives a partition for S and any partition for  S  gives 

equivalence relation on S .                                                                                                                                                                     

Proposition 1.1.2:                                                                                                         The 

intersection of any family of an equivalence relations on  S   is an equivalence 

relation on  S . 

 

Example 1.1.1: 

    Let  S = {2, 3, 4, 5}, and 𝑅1, 𝑅2, 𝑅3  are equivalence relations on S, such that:                                                                  

𝑅1={(2, 2),(3, 3), (4, 4), (5, 5),(2, 5), ( 5,2)}                                                 𝑅2={(2, 

2), (3, 3), (4, 4), (5, 5), (2, 5), (5, 2),(2, 4), (4, 2), (4, 5),                      (5,4)},                                                                                                                

𝑅3= {(2, 2), (3, 3), (4, 4), (5, 5), (2, 5), (5, 2), (2, 3), (3, 2), (3, 5),                     (5, 

3)},                

Then, ⋂ 𝑅𝑖 = {(2, 2), (3, 3), (4, 4), (5, 5), (2, 5), (5, 2)}.
3
𝑖=1                     And     

⋃ 𝑅𝑖 = {(2, 2), (2, 3), (2, 4), (2, 5), (3, 2), (3, 3)
3
𝑖=1 , (3, 5), (4, 2),                                     

(4, 4), (4, 5), (5, 2), (5, 3), (5, 4), (5, 5)} 

It is clear that ⋂ 𝑅𝑖
3
𝑖=1  equivalence relation on S.                                        Now, (4, 

2), (2, 3)∈ ⋃ 𝑅𝑖  ,
3
𝑖=1  but  (4, 3) ∉ ⋃ 𝑅𝑖  .

3
𝑖=1   

Hence the union of any family of an equivalence relations is not necessary an 

equivalence relation. 
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1.2 Semigroups: 

Definition 1.2.1:                                                                                                              A 

binary operation ∗ on a set  S  is a function: 

∗: S ×S ⟶S . For any  𝑎, 𝑏 ∈ 𝑆, we shall write  

      𝑎 ∗ 𝑏 𝑖𝑛𝑠𝑡𝑒𝑎𝑑 𝑜𝑓 ∗ (𝑎, 𝑏). 

  

Definition 1.2.2: 

 (i)  A binary operation ∗ on a set S  is commutative (Abelian) if : 

          𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎  for all  𝑎, 𝑏 ∈ 𝑆. 

(ii)  A binary operation ∗ on a set S  is associative if :  

        (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐) for all  𝑎, 𝑏, 𝑐 ∈ 𝑆.   

 

Definition 1.2.3: 

     A groupoid is an order pair (S, ∗), where  S  is a non-empty set and ∗ is 

closed binary operation on S . 

  

Definition 1.2.4: 

      A semigroup is an order pair (S, ∗), where S   is a non-empty set and ∗ is an 

associative binary operation on S. 

 

Example 1.2.1:   

     The order pair ( ℤ+, +) is a semigroup, where ℤ+ is the set of positive 

integers. 
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Example 1.2.2: 

           Let S = {1, 2, 3} be the non-empty set with the binary 

operation defined by the multiplication as follows: 

     Then S   is a semigroup.                                                  Table 

1.2.1                                                                                                                                      

Definition 1.2.5: 

     A semigroup (S, ∗) is commutative if ∗ is commutative, i.e.,  

𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 for all  𝑎, 𝑏 ∈ 𝑆. 

A semigroup (S, ∗) which is not commutative is called non-commutative.                                                                                                           

 

Example 1.2.3:                                                                                                      

     (ℕ, +) is a commutative semigroup under  usual addition, where ℕ  is the 

set of natural numbers.                           

 

Definition 1.2.6: 

     Let (S, ∗) be a semigroup. If the number of elements in S  is finite, we say 

that S   is a finite semigroup  or a semigroup of finite order. Otherwise, S   is 

called infinite semigroup. 

 

Definition 1.2.7: 

     Let  (S, ∗) be a semigroup. If there exist an element  𝑒 ∈ 𝑆  such that   𝑎 ∗ 𝑒 =

𝑒 ∗ 𝑎  ∀𝑎 ∈ 𝑆, then “ e  ” is called the identity element      of  S. 
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Definition 1.2.8:                                                                                                                                                                                                                                                    

A semigroup with identity is called a monoid.                                                                                                                                                                  

3 2 1 ∗ 
1 1 1 1 

2 2 1 2 

3 2 1 3 



Example 1.2.4: 

    Let 𝑀2×2 ={(
𝑎 𝑏
𝑐 𝑑

) : 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑍 }.Then 𝑀2×2 is non-commutative monoid  

under multiplication of matrices.      

 

 Definition 1.2.9: 

     If a semigroup  S   with at least two elements contains an element 0 such 

that, for all  𝑥  in  S , 

0𝑥 = 𝑥0 = 0 

We say that 0 is a zero element (or just a zero) of  S , and that  S   is a 

semigroup with zero. 

 

Example 1.2.5: 

     (ℝ , .) is a semigroup where  ℝ  the set of real numbers and " . " the usual 

multiplication. Then 0 is a zero element of  S . 

 

Definition 1.2.10: 

     Let S  be a semigroup. An element  𝑎 ∈ 𝑆  is said to be an idempotent in S   if 

𝑎2 = 𝑎.  
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Example 1.2.6:                                                                                                                𝑍12  

under multiplication modulo 12  has  4  as an idempotent.  

 



Definition 1.2.11 

     Let (S , ∗) be a semigroup. A non–empty subset  A  of  S  is said to be a 

subsemigroup of  S  if  A  is itself semigroup under the same operation. 

 

Definition 1.2.12: 

      For any two subsets A,B of a semigroup S, define their product by: 

 𝐴𝐵 = {𝑎𝑏: 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵 }. 

 

Remark 1.2.1: 

     Let (S, ∗) be a semigroup. Anon-empty subset  A  of  S  is said to be a 

subsemigroup if  𝐴2 ⊆ 𝐴 , where (A, ∗) is a semigroup.                                                                                                                                                                                                                                           

   

Example 1.2.7:                                                                                                              The 

set A ={(
𝑎 0
0 𝑏

) : 𝑎, 𝑏 ∈ ℤ } is a subsemigroup of 𝑀2×2(ℤ), under addition or 

multiplication of matrices.                                                                                                                                                                                          

Example 1.2.8:      

     A ={0, 2, 4, 8} is a subsemigroup of   𝑍12 under multiplication modulo 12.  

 

Chapter One: Γ-Semigroups 

 

Example 1.2.9:                                                                                                               

Consider the additive semigroup  S = (ℚ, +) where  ℚ  is the set of rationals. 

Now, (ℕ,+) is subsemigroup of  S  where  ℕ is the set of naturals. 

  

Theorem 1.2.1: 



     Let S  be a semigroup, let { 𝐴𝑖: 𝑖 ∈ 𝐼 } be a family of subsemigroups  of S , and 

let 

                          𝑇 = ⋂ 𝐴𝑖𝑖∈𝐼  

With  𝑇 ≠ ∅. Then T  is a subsemigroup of  S .                                                   

 

Definition 1.2.13: 

      A non-empty subset A of a semigroup S   is called 

(i)A right ideal of S, if    𝐴𝑆 ⊆ 𝐴. 

(ii)A left ideal of S, if     𝑆𝐴 ⊆ 𝐴.                                                                                                                                                                                                    

Example 1.2.10:  

      Let S  be the set of all integers and 𝑀2(𝑆), the set of all 2 × 2 matrices over 

S. Then 𝑀2(𝑆) is a semigroup under the usual multiplication. 

Let    A ={[
𝑥 0
𝑦 0

] : 𝑥, 𝑦 ∈ 𝑆 }, and   B = {[
𝑥 𝑦
0 0

] : 𝑥, 𝑦 ∈ 𝑆 }. 

Then A is a left ideal of 𝑀2(𝑆), and B  is right ideal of 𝑀2(𝑆). 
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Definition 1.2.14: 

     A non-empty subset A of a semigroup S  is called ideal of S, if it is both left 

and right ideal. 

 

Example 1.2.11: 

3 2 1 . 



              Let S = {1, 2, 3 } be the semigroup defined by         the 

following multiplication table:                                                                                                                                                                                                                                                                                                                                           Table 1.2.2           

    Let A = { 1, 2 }. Then A is a subsemigroup   of S.              

And since SA = { 1, 2 } = A, and AS = { 1, 2 } = A. Then A  is a right and left 

ideal of S. 

    Thus A  is an ideal of S.                                                                                                                                                                                                             

Example1.2.12: 

      A = {0, 4 }, and  B = {0, 2, 4, 6} are ideals of   ℤ8  under multiplication 

modulo 8.  

                                                                                

Lemma 1.2.1: 

     If A is a (left or right ) ideal of a semigroup S . Then A is a subsemigroup of 

S. 

 

 

 

Chapter One: Γ-Semigroups  

 

Proof: 

     If 𝑆𝐴 ⊆ 𝐴 or, 𝐴𝑆 ⊆ 𝐴, then 𝐴𝐴 ⊆ 𝐴, since 𝐴 ⊆ 𝑆. 

                 █               Thus A is a subsemigroup of S . 

                                                                                                                                        

Lemma 1.2.2: 

      If A  and  B are a left (right) ideals of a semigroup  S   with   𝐴 ∩ 𝐵 ≠ ∅, then 

𝐴 ∩ 𝐵 is a left (right) ideal of S. 

1 1 1 1 

2 2 1 2 

3 2 1 3 



  

Proof:                                                                                                                               Let 

𝑎 ∈ 𝐴 ∩ 𝐵and 𝑠 ∈ 𝑆. Then 𝑠𝑎 ∈ 𝐴, and 𝑠𝑎 ∈ 𝐵, since A and B are ideals, and so 

𝑠𝑎 ∈ 𝐴 ∩ 𝐵. Hence (𝐴 ∩ 𝐵)𝑆 ⊆ (𝐴 ∩ 𝐵).                    █                                                                                                                                          

Definition 1.2.15: 

      A subsemigroup  A  of a semigroup  S  is called an interior ideal of  S   if   

𝑆𝐴𝑆 ⊆ 𝐴. 

 

Definition 1.2.16:                                                                                                           Let  S  

be a semigroup and  𝑚, 𝑛  non-negative integers. We say that  S  is (𝑚, 𝑛)-

regular if it satisfies:                                                                                                                                                                                                      

(∀ 𝑎 ∈ 𝑆)(∃ 𝑥 ∈ 𝑆)(𝑎 = 𝑎𝑚𝑥𝑎𝑛).              

(𝑎0 is defined as an operator element, so  𝑎0𝑥 = 𝑥𝑎0 = 𝑥). 
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Remark 1.2.2:                                                                                     

    If  𝑚 = 𝑛 = 1 then a semigroup  S   is called regular. 

Definition 1.2.17: 

     A semigroup  S  is called completely regular if it satisfies: 

(∀ 𝑎 ∈ 𝑆)(∃𝑥 ∈ 𝑆)(𝑎 = 𝑎𝑥𝑎 , 𝑎𝑥 = 𝑥𝑎). 

 

Example 1.2.13: 



     Consider the semigroup (ℤ, +) where  ℤ  is the set of integers and  "+"  the 

usual addition, then  S  is a regular semigroup and is completely regular 

semigroup. 

 

Definition 1.2.18: 

    A semigroup  S  is called intra-regular if it satisfied: 

(∀ 𝑎 ∈ 𝑆)(∃𝑥, 𝑦 ∈ 𝑆)(𝑎 = 𝑥𝑎2𝑦).                                                                                                                                                                                             

Example 1.2.14: 

    Let  S  be a kroneker  semigroup, that is,  S  has a zero  0, and 𝑥𝑦 =

{
𝑥      𝑖𝑓    𝑥 = 𝑦
0      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

And assume that | S | > 2. Since  𝑥2 = 𝑥  for all  𝑥 ∈ 𝑆, S  is regular, intra-

regular and (𝑚, 𝑛)-regular.    
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1.3 (𝑚, 𝑛)-ideals in semigroups:                                                                   

Definition 1.3.1:                                                                           

     Let  S  be a semigroup. A subsemigroup  A  of  S  is called (𝑚, 𝑛)-ideal of  S , if  

A  satisfies the condition 

𝐴𝑚𝑆𝐴𝑛 ⊆ 𝐴 ………………………………………………………….(1) 

Where 𝑚, 𝑛  are non-negative integers. (Here  𝐴0 is defined as an operator 

element, so that  𝐴0𝑆 = 𝑆𝐴0 = 𝑆 ). By is a proper (𝑚, 𝑛)-ideal of  S   we mean 

that A  is a proper  subset of  S . The concept of (𝑚, 𝑛)-ideal is a generalization 

of one-sided (left or right ) ideals in a semigroups. 



 

Remark 1.3.1:                                                                                                                                                                                                                                               

      If  𝑚 = 𝑛 = 1 then  A  is called bi-ideal or (1, 1)-ideal of  S .  

 

Example 1.3.1:  

      S = [0, 1] is a semigroup under the usual multiplication, and let     A = [0, 
1

2
 ]. Then A is subsemigroup of S, and since ASA = [0, 

1

4
 ]⊆A. Thus A is a bi-ideal 

of S.  

                                                                                                                                      Example 

1.3.2:                                                                                                                                                                                                                                                       

A =2ℕ  is a subsemigroup of  ℕ under the usual multiplication     is a bi-ideal of  

ℕ (AℕA = 4ℕ ⊆ 2ℕ= A ).                                                                                                                                                                                                
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Example 1.3.3:                                                                                                              

            Let  S ={0, 1, 2 } be the semigroup defined        

by the following multiplication  table:                                                                                                                                                                                                                                                                                                           Table 

1.3.1 

Then  sets {0}, {0,1}, {0,2} and {0, 1, 2} are  bi- ideals of  S 

. 

                                                                                                                                                                                                                                            

 Example 1.3.4:   

    Let  S ={2, 4, 6, 8, …} be a semigroup under the usual addition "+" and let  A 

={4, 6, 8, …}. Note (A , +) is a subsemigroup of  S . 

SA ⊆ A , A(SA)=ASA ⊆ A . Then  A  is a bi-ideal of  S . 

2 1 0  .   
0 0 0 0 

1 1 0 1 

2 2 0 2 



 

Theorem 1.3.1:                                                                                                               Let 

{𝐴𝑖: 𝑖 ∈ 𝐼 } be a collection of bi-ideals of a semigroup S . Then ⋂ 𝐴𝑖𝑖∈𝐼  is a bi-

ideal of S  if ⋂ 𝐴𝑖 ≠ ∅ 𝑖∈𝐼 . 

 

Proof: 

     Let  𝐴 = ⋂ 𝐴𝑖𝑖∈𝐼 . Now to show that  A  is also bi-ideal.                          Let 𝑥 ∈

𝐴𝑆𝐴, then  𝑥 = 𝑎𝑠𝑏  for some 𝑎, 𝑏 ∈ 𝐴  and 𝑠 ∈ 𝑆. Thus 𝑥 = 𝑎𝑠𝑎 ∈ 𝐴𝑖  for any 

arbitrary  𝑖 ∈ 𝐼 as 𝑎, 𝑏 ∈ 𝐴𝑖 .                                                                                                                                                                                                                         
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    So since  𝐴𝑖   is bi-ideal, then  𝑥 ∈ 𝐴𝑆𝐴 ⊆ 𝐴𝑖  and therefore  𝑥 ∈ 𝐴𝑖 . Since 𝑖 was 

chosen arbitrary so 𝑥 ∈ 𝐴𝑖  for all  𝑖 ∈ 𝐼, then  𝑥 ∈ 𝐴  and hence 𝐴𝑆𝐴 ⊆ 𝐴 .   

                                                 

Thus 𝐴 = ⋂ 𝐴𝑖𝑖∈𝐼  is a bi-ideal of  S.                                                          █                                                          

Theorem 1.3.2: 

     Let   S   be a semigroup, T   be a subsemigroup of  S  and let  A  be an (𝑚, 𝑛)-

ideal of  S . Then the intersection  𝐴 ∩ 𝑇  is an (𝑚, 𝑛)-ideal of the semigroup  T . 

 

Proof : 

    The intersection  𝐴 ∩ 𝑇  evidently is a subsemigroup of  S .   

(𝐴 ∩ 𝑇)𝑚𝑇(𝐴 ∩ 𝑇)𝑛 ⊆ 𝐴𝑚𝑆𝐴𝑛 ⊆ 𝐴………………..(1) 

Because of  A  is an (𝑚, 𝑛)-ideal of  S . And 



(𝐴 ∩ 𝑇)𝑚𝑇(𝐴 ∩ 𝑇)𝑛 ⊆ 𝑇𝑚𝑇𝑇𝑛 ⊆ 𝑇…………………(2) 

Therefore (1)and (2) imply  

(𝐴 ∩ 𝑇)𝑚𝑇(𝐴 ∩ 𝑇)𝑛 ⊆ 𝐴 ∩ 𝑇, 

That is the intersection  𝐴 ∩ 𝑇  is an (𝑚, 𝑛)-ideal of  T .                     █                              

Theorem 1.3.3: 

     Let  S  be a semigroup, A  be an (𝑚, 𝑛)-ideal of  S  and let  B  be a subset of  S  

satisfying either  AB  ⊆ A  or  BA  ⊆ A . Then the products AB  and  BA  are (𝑚, 

𝑛)-ideals of  S  (𝑚, 𝑛  are positive integers). 
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Theorem 1.3.4:  

     Let S  be an arbitrary semigroup. If  L  is a left ideal and  R   is a right ideal of 

S , then the product  RL  is a bi-ideal of  S . 

 

Proof : 

Since  

(RL)(RL) ⊆ RL 

The product  RL  is a subsemigroup of   S . On the other hand  

(RL)S(RL) ⊆ RSL ⊆ RL , 

that is, the product  RL  is a bi-ideal of  S. 

If  S  is a regular semigroup, with, 𝑎 ∈ 𝑎𝑆𝑎  for each element   𝑎  in  S , then the 

converse of theorem (1.3.4) also holds.                                  █ 

 

Theorem 1.3.5: 



     The product of a bi-ideal  B   and a non-empty subset   A   of a semigroup  S   

is also a bi-ideal of  S . 

 

Theorem 1.3.6:                  

     A subset  A  of a regular semigroup  S  is a bi-ideal of  S  if and only  

if  S  contains a left ideal  L  and a right ideal  R , such that  

A = RL . 
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Definition 1.3.2: 

     Let S  be a semigroup. An ideal P of S  is called prime ideal of S  if for ideals A 

and B of S , AB ⊆ P  implies that A ⊆ P  or B ⊆P . 

 

Definition 1.3.3: 

     Let S  be a semigroup. An ideal P  of S  is called semiprime ideal of S if for 

ideal A of S , 𝐴2 ⊆ 𝑃 implies that 𝐴 ⊆ 𝑃 . 

 

Definition 1.3.4: 

     A semigroup S  is called right (left) simple if S  itself is the only right (left) 

ideal of S.                                                                                                                                                                                                                                     

 Definition 1.3.5:                                                                                                            A 

semigroup S  is called simple if it contains no proper ideal.             

 



Example 1.3.5: 

     In Example (1.2.10), that  S   is not simple. 
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1.4 Г- Semigroups: 

Definition 1.4.1: 

     Let  S  and  Г  be two non-empty sets. Then  S  is called a one sided  Г-
semigroup if there exists a mapping from S × Г × S   to S, satisfying: 

(i)   𝑥𝛾𝑦 ∈ S ∀𝑥, 𝑦 ∈ S , ∀𝛾 ∈ Г.  

(ii)  (𝑥𝛽𝑦)𝛾𝑧 = 𝑥𝛽(𝑦𝛾𝑧)∀𝑥, 𝑦, 𝑧 ∈ S , ∀𝛽, 𝛾 ∈ Г . 

 

Example 1.4.1: 

      Let  Г  be the set of positive odd numbers, and let  S  be the set of natural 
numbers. Define   𝑥𝛾𝑦 = 𝑥+𝛾+𝑦 ∀𝑥, 𝑦 ∈ 𝑆, ∀𝛾 ∈ 𝛤. Then, ℕ  is a Г-semigroup. 

 

Example 1.4.2: 

     If  𝑆 = 𝑀𝑚×𝑛(ℝ) is the set of 𝑚×𝑛  matrices and  Г  is a set of some  𝑛×𝑚 
matrices over the field of real numbers, then we can define  𝐴𝑚,𝑛𝛼𝑛,𝑚𝐵𝑚,𝑛  

such that  



(𝐴𝑚,𝑛𝛼𝑛,𝑚𝐵𝑚,𝑛)𝛽𝑛,𝑚𝐶𝑚,𝑛 = 𝐴𝑚,𝑛𝛼𝑛,𝑚(𝐵𝑚,𝑛𝛽𝑛,𝑚𝐶𝑚,𝑛), 

Where 𝐴𝑚,𝑛, 𝐵𝑚,𝑛, 𝐶𝑚,𝑛 ∈ 𝑆 and  𝛼𝑛,𝑚 , 𝛽𝑛,𝑚 ∈  Г. An algebraic system that 
satisfying the associativity property of the above type is a Г-semigroup. 

 

Definition 1.4.2: 

      Let S  and  Г  be two non-empty sets. Then S   is called a both sided  Г-

semigroup if there exist mappings from S × Г ×S  to S , written as         

(𝑎, 𝛼, 𝑏) → 𝑎𝛼𝑏, and from Г × S × Г to Г, written as                                     

(𝛼, 𝑎, 𝛽) → 𝛼𝑎𝛽, satisfying the following associative laws:                         
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(𝑎𝛼𝑏)𝛽𝑐 = 𝑎(𝛼𝑏𝛽)𝑐 = 𝑎𝛼(𝑏𝛽𝑐) and 𝛼(𝑎𝛽𝑏)𝛾 = (𝛼𝑎𝛽)𝑏𝛾 = 𝛼𝑎(𝛽𝑏𝛾), for all a, 

b, c  ∈ S   and for all  𝛼, 𝛽, 𝛾 ∈ Г.                                                           

 

Example 1.4.3:                                                                                                                                                                                                                                                     

Let S  be the set of all non-positive integers and  Г  be the set of all non-positive 

even integers. Then S   is a Г-semigroup where  𝑎𝛼𝑏  and 𝛼𝑎𝛽  for all  𝑎, 𝑏 ∈ 𝑆  

and  𝛼, 𝛽 ∈ Г  denote usual multiplication of integers. 

 

Example 1.4.4: 

     Let  S = {3𝑛 + 2:𝑛 is positive integer} and Г = {3𝑛 + 1:𝑛 is a positive 

integer}. Then S  is a Г-semigroup where 𝑎𝛼𝑏 = 𝑎 + 𝛼 + 𝑏 and 𝛼𝑎𝛽 = 𝛼 + 𝑎 +

𝛽 for all 𝑎, 𝑏 ∈ 𝑆  and   𝛼, 𝛽 ∈ Г, + is the usual addition of integers. 

 

Definition 1.4.3:                                                                                                                                                                                                                                                   

A mapping  𝚽  from a one sided   Γ-semigroup  S   to another a one sided  Γ-

semigroup  T  is called a homomorphism if                                 

Φ(𝑥𝛾𝑦) = Φ(𝑥)𝛾 Φ(𝑦) for all   𝑥, 𝑦 ∈ 𝑆   and   𝛾 ∈ 𝛤. 



 

Definition 1.4.4: 

      A Г-semigroup  S  is called a commutative a both sided  Г-semigroup if  

𝑎𝛾𝑏 = 𝑏𝛾𝑎  for all  𝑎, 𝑏 ∈ 𝑆 and  𝛾 ∈ Г.  
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Definition 1.4.5: 

      Let  S   be a Г-semigroup. A non-empty subset  A  of a Г-semigroup S  is said 

to be a Г-subsemigroup of  S   if  AГA ⊆ A , (i.e., if 𝑎𝛾𝑏 ∈ 𝐴 for all 𝑎, 𝑏 ∈ 𝐴   and  

𝛾 ∈ Г ). 

 

Example 1.4.5: 

      Let S = [0, 1] and Г ={
1

𝑛
:𝑛 is a positive integer}. Then S  is a Г-semigroup 

under the usual multiplication, let A = [0,
1

2
] be a non-empty subset of S , and 

since 𝑎𝛾𝑏 ∈ 𝐴 for all  𝑎, 𝑏 ∈ 𝐴 and 𝛾 ∈ Г.      Then  A   is a Г-subsemigroup of  S .                                                                                                                                                                                     

Definition 1.4.6: 

     A subsemigroup  A  of a Г-semigroup  S  is called an interior ideal of   S   if   

SГAГS ⊆ A . 

 

Definition 1.4.7: 

      Let  S  be a Г-semigroup. A non-empty subset  A  of  S   is called  

(i)left ideal of S  if  S ГA ⊆ A. 

                                                                                                                                 (ii)right 

ideal of S  if  AГS ⊆ A. 



  

Definition 1.4.8: 

     Let S  be a Г-semigroup. A non-empty subset  A  of  S  is called an ideal of  S   

if it is both a left and right ideal of  S. 
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Definition 1.4.9: 

     Let S  be a Г-semigroup. A Г-subsemigroup A  of S  is called a bi-ideal of S  if 

AГSГA ⊆ A.                                                                                                                            

Example 1.4.6: 

     Let S = (0, 1) and Г = {1}. Then S  is a Г-semigroup under the usual 

multiplication. Let ℕ be the set of all positive integers. For 𝑛 ∈ ℕ, let 𝐴𝑛 = 

(0,
1

 𝑛
) . Then 𝐴𝑛 is a bi-ideal of S for all 𝑛 ∈ ℕ.  

 

Theorem 1.4.1: 

     Let S  be a Г-semigroup and 𝐴𝑖  a bi-ideal of S  for all 𝑖 ∈ 𝐼. If ⋂ 𝐴𝑖𝑖∈𝐼 ≠ ∅, 

then ⋂ 𝐴𝑖𝑖∈𝐼  is a bi-ideal of S .                                                                                                                                                                                              

Proof: 

     Let S  be a Г-semigroup and 𝐴𝑖  a bi-ideal of S  for all 𝑖 ∈ 𝐼 . 

Assume that ⋂ 𝐴𝑖 ≠ ∅𝑖∈𝐼 . Let  𝑎, 𝑏 ∈ ⋂ 𝐴𝑖 ,𝑖∈𝐼  𝑚 ∈ 𝑆 and  𝛼, 𝛽 ∈ Г.  

Then 𝑎, 𝑏 ∈ 𝐴𝑖  for all 𝑖 ∈ 𝐼. Since 𝐴𝑖  a bi-ideal of S  for all 𝑖 ∈ 𝐼, then 𝑎𝛼𝑏 ∈ 𝐴𝑖  

and 𝑎𝛼𝑚𝛽𝑏 ∈ 𝐴𝑖𝛤𝑆𝛤𝐴𝑖 ⊆ 𝐴𝑖  for all  𝑖 ∈ 𝐼. Therefore 𝑎𝛼𝑏 ∈ ⋂ 𝐴𝑖𝑖∈𝐼  and 

𝑎𝛼𝑚𝛽𝑏 ∈ ⋂ 𝐴𝑖𝑖∈𝐼  for all 𝑖 ∈ 𝐼.    

█ Hence ⋂ 𝐴𝑖𝑖∈𝐼  is a bi-ideal of S . 
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Definition 1.4.10: 

     Let S  be a Г-semigroup. Then an ideal P  of S  is said to be  

(i)prime if for ideals A, B  of S , AГB  ⊆ P  implies that A ⊆ P    or B ⊆ P.                                                                                                                                  

(ii) semiprime if for an ideal A of S , AГA ⊆ P  implies that  A ⊆ P .     

 

Definition 1.4.11: 

     A Г-semigroup S  is called left simple (right simple) if it contains no proper 

left ideals (right ideals).                                                                                                                                                                                                  

Definition 1.4.12: 

     A Г-semigroup S  is called simple if it contains no proper ideals, that is, for 

any ideal A  of  S , we have A = S. 

 

Example 1.4.7: 

     Let  S  be the set of all integers of the form  4𝑛+1  and  Γ  be the set of all 

integers of the form  4𝑛+3  where   𝑛  is any integer. Then,  S   is a simple   Γ-

semigroup. 

 

Theorem 1.4.2 

     Let P  be an ideal of a Г-semigroup S . Then the following are equivalent: 

(i)P  is prime (semiprime). 



(ii) for 𝑥, 𝑦 ∈ 𝑆, 𝑥𝛤𝑆𝛤𝑦 ⊆ 𝑃 ⇒ 𝑥 ∈ 𝑃 or 𝑦 ∈ 𝑃 (resp. 𝑥𝛤𝑆𝛤𝑥 ⊆ 𝑃 ⇒   𝑥 ∈ 𝑃). 
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(iii)  for 𝑥, 𝑦 ∈ 𝑆, 𝑥𝛤𝑦 ⊆ 𝑃 ⇒ 𝑥 ∈ 𝑃 or 𝑦 ∈ 𝑃 (resp. 𝑥𝛤𝑥 ⊆ 𝑃 ⇒ 𝑥 ∈ 𝑃).                                                                                                                                       

Proof:                                                                                                                                                                   

  

(i)⇒ (ii): 

Suppose that (i) holds and 𝑥𝛤𝑆𝛤𝑦 ⊆ 𝑃. Then < 𝑥 >Γ< 𝑥 > 𝛤 < 𝑦 > 𝛤 < 𝑦 >⊆ 

P. 

Since <𝑥 > 𝛤 < 𝑥 >⊆ P , <𝑦 > 𝛤 < 𝑦 >⊆ 𝑃 are ideals of S , so by (i) we have 

either <𝑥 > 𝛤 < 𝑥 >⊆ 𝑃 or <𝑦 > 𝛤 < 𝑦 >⊆ 𝑃.  

By repeated uses of (i) we get  𝑥 ∈< 𝑥 >⊆ 𝑃 or  𝑦 ∈< 𝑦 >⊆ 𝑃. 

(ii)⇒ (iii): 

    Suppose that (ii) holds and 𝑥𝛤𝑦 ⊆ 𝑃. Then 𝑥𝛤𝑠𝛤𝑦 ⊆ 𝑃 as           𝑥𝛤𝑠𝛤𝑦 ⊆

𝑥𝛤𝑦. 

Hence by (ii), 𝑥 ∈ 𝑃 or 𝑦 ∈ 𝑃. 

(iii)⇒ (i): 

   Suppose that (iii) holds. Let for two ideals A, B of S , 𝐴𝛤𝐵 ⊆ 𝑃. If possible, 

suppose  𝐴 ⊈ 𝑃 or  𝐵 ⊈ 𝑃. Then  𝑥 ∈ 𝐴 and 𝑦 ∈ 𝐵 such that  

𝑥 ∉ 𝑃 and  𝑦 ∉ 𝑃. This implies that  𝑥𝛤𝑦 ⊆ 𝑃  with  𝑥 ∉ 𝑃, 𝑦 ∉ 𝑃. This is a 

contradiction to (iii). Hence either  𝐴 ⊆ 𝑃 or  𝐵 ⊆ 𝑃.                                 

Consequently  P  is a prime ideal of S .  

 █  And similarly for P  is semiprime of S. 
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Definition 1.4.14:                                                                                                                                                                                                                                                     

An element  𝑥 ∈ 𝑆  is called regular in  S  if  𝑥 ∈ 𝑥Г𝑆Г𝑥. 

 

Definition 1.4.15:                                                                                                                                                                                                                                                     

A Г-semigroup  S   is called regular if every element is regular.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

Chapter Two: Intuitionistic Fuzzy Sets 

 

2.1 Fuzzy set:   

      In 1965 Zadeh [10] mathematically formulated the fuzzy subset concept. 

He defined fuzzy subset of a non-empty set as a collection of objects with 

grade of membership in a continuum, with each object being assigned a value 

between 0 and 1 by a membership function. Fuzzy set theory was guided by 

the assumption that classical sets were not natural, appropriate or useful 

notions in describing then real life problems, because every object 

encountered in this real physical world carries some degree of fuzziness. 

Further the concept of grade of membership is not a probabilistic concept.   

The materials in this chapter is taken from the following references: 

[8], [11], [15], [16], [25], [31], [32], [39].                                                                                                                                                                                  

Definition 2.1.1: 



     Any function  μ  from any non-empty set  S  into the closed interval [0, 1] is 

called a fuzzy subset in S .  

      The set of all fuzzy subsets of  S  is called fuzzy power set of  S  and is 

dented by ℱP(S )=[0, 1].   

  

Remark2.1.1:                                                                                                                  If  S  

is the universal set and 𝐴 ⊆ 𝑆 then the function   𝔛𝐴:S →[0,1] such that 

 

𝔛𝐴(𝑥) = {
1       𝑖𝑓       𝑥 ∈ 𝐴
0       𝑖𝑓       𝑥 ∉ 𝐴

, 

is called the characteristic function of  A  which is a fuzzy subset of  S. 
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Example 2.1.1:  

     Let S = {1, 2, 3, 4, 5},  A = {1, 2, 3} is a subset of S . 

The mapping μ : S →[0, 1], such that  𝔛𝐴(1) = 1, = 1, (𝔛𝐴(𝑥)2) = 1, 𝔛𝐴(3) = 1, 

𝔛𝐴(4) = 0 , 𝔛𝐴(5) = 0, is a fuzzy subset of  S .                                                                                                                                                                   

Example 2.1.2: 

     Let S   be a set of real numbers, and μ  considerably larger than 8 subset of S 

, can be defined as a fuzzy set.                                                  Where  𝜇(𝑥) =

{
0                                               𝑥 ≤ 8
(1 + (𝑥 − 8)−2)−1             𝑥 > 8

 

 

Remark 2.1.2: 

.1.  If the universal set S  is discrete, the representation of a fuzzy                 

subset  μ   of  S  can be expressed by 



𝜇 = ∑𝜇(𝑥𝑖 ) 𝑥𝑖⁄ . 

Where  ∑  indicate the union of the elements 𝜇(𝑥𝑖) which is the membership 

degree of  𝑥𝑖 . 

.2.  If the universal set  S  is not discrete then, the fuzzy set is expressed by 

𝜇 = ∫
𝑆
 𝜇(𝑥) 𝑥⁄   

Where  ∫  indicate the union of the elements of μ .                                                                                                                                                                         
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Example 2.1.3:                                                                                                                                                                                                                                                      

Let S ={3, 4, 5, 6, 7, 8, 9}, and μ  “ integers close to 6 ” subset of  S , where  𝜇 =

{(𝑥, 𝜇(𝑥)) | 𝜇(𝑥) = (1 + (𝑥 − 6)2)−1} can be defined a fuzzy set as follows:               

 μ= { (3, 0.1), (4, 0.2), (5, 0.5), (6, 1), (7, 0.5), (8, 0.2), (9, 0.1)} . 

 Can be written as : 

𝜇 = 0.1/3 +0.2/4 + 0.5/5 + 1/6 + 0.5/7 + 0.2/8 +0.1/9   . 

 

Definition2.1.2:  

     A fuzzy set  μ   in  S   is empty if and if 𝜇(𝑥) = 0  ∀𝑥 ∈ 𝑆. 

 

Definition 2.1.3: 

     A fuzzy set μ   in  S   is universal if and if  𝜇(𝑥) = 1  ∀𝑥 ∈ 𝑆. 

 



Definition 2.1.4: 

     Let  𝜇 ∈ ℱP(S ). Then the set {𝜇(𝑥) | 𝑥 ∈ S  } is called the image of  𝜇 and is 

denoted by μ(𝑥)  or  im(𝜇). 

 

Definition 2.1.5: 

     The support  of a fuzzy set μ , is a subset of the universal set S defined as: 

𝑠𝑢𝑝𝑝(𝜇) = {𝑥 ∈ 𝑆 ∶  𝜇(𝑥) > 0}. 
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Example 2.1.4: 

     Let  S ={0, 1, 2, 3, 4, 5, 6}. And μ  be a fuzzy subset of  S , defined by: 

μ ={(0, 0.3), (1, 0.6), (2, 1), (3, 0), (4, 0.7), (5, 0.8), (6, 0)} 

Then  𝑠𝑢𝑝𝑝(𝜇) = {0, 1, 2, 4, 5}. 

 

Remark 2.1.3: 

     μ  is called a finite fuzzy subset if  𝑠𝑢𝑝𝑝(𝜇) is a finite set and an infinite fuzzy 

subset otherwise. 

 

Definition 2.1.6: 

     Let 𝜇 be a fuzzy subset of a set  S . For  𝑡 ∈ [0, 1] the set                       𝜇𝑡 = {𝑥 ∈

𝑆 |𝜇(𝑥) ≥ 𝑡} is called a t-level or “ t-cut ” subset of the fuzzy subset  𝜇 . 

 𝜇𝑠.𝑡 = {𝑥 ∈ 𝑆 |𝜇(𝑥) > 𝑡}  is called “ strong t-level set ” or  “ strong t-cut” . 

 

Example 2.1.5: 



     Let S = { 0,1, 2, 3, 4 } and let                                                                              μ ={(0, 

0.5), (1, 0), (2, 0.3), (3, 0.4), (4, 0.9)}, 

𝜇0.4 = {𝑥 ∈ 𝑆: 𝜇(𝑥) ≥ 0.4} = {0, 3, 4}. 

𝜇1 = {𝑥 ∈ 𝑆: 𝜇(𝑥) ≥ 1}. 

𝜇1 = ∅. 

𝜇𝑠,0.4 = {0, 4}. 
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Definition 2.1.7: 

     Let  Y  ⊆ S  and  𝑎 ∈ (0, 1], we define   𝑎𝑌 ∈ ℱ𝑃(𝑆) as                      follows:   

𝑎𝑌(𝑥) = {
𝑎                 𝑓𝑜𝑟              𝑥 ∈ 𝑌
0               𝑓𝑜𝑟           𝑥 ∈ 𝑆\𝑌

 

If  Y   is a singleton, say {y}. Then 𝑎{𝑦} is called fuzzy point or “ fuzzy singleton” 

and denoted by   𝑎𝑦 . 

 

Example2.1.6: 

    Let  S = {a, b, c, d} and  𝑡 ∈ [0, 1] define 𝜇 : S → [0, 1] by                                                                                                                                                               

𝜇(𝑥) = {
𝑡                𝑖𝑓               𝑥 = 𝑎
0                𝑖𝑓    𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒

 

Then  𝑡𝑎   is fuzzy point. 

 

Definition 2.1.8: 

      Let   𝜇, 𝑣 ∈ ℱ𝑃(𝑆). Then                                                                                 i.      𝜇 ⊆

𝑣  “ or 𝑣 ⊇ 𝜇 ” if  𝜇(𝑥) ≤ 𝑣(𝑥) ∀ 𝑥 ∈ 𝑆. 



ii.     𝜇 ⊂ 𝑣  if  𝜇(𝑥) ≤ 𝑣(𝑥) ∀ 𝑥 ∈ 𝑆  and there exits at least one  𝑥 ∈ 𝑆          such 

that 𝜇(𝑥) < 𝑣(𝑥). 

iii.   𝜇 = 𝑣  if  𝜇(𝑥) = 𝑣(𝑥)  ∀ 𝑥 ∈ 𝑆.                                                                                                                                                                                          

Definition 2.1.9:  

      A fuzzy subset  𝜇 of a set  S  is said to be normal if 𝑠𝑢𝑝𝑥∈𝑆 𝜇(𝑥) = 1. A fuzzy 

subset  𝜇  of a set  S   is said to be normalized if there exists   𝑥 ∈ 𝑆  such that  

𝜇(𝑥) = 1.  
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Example 2.1.7: 

     Let  S = [0, 1] and define a fuzzy subset  𝜇 : S → [0, 1] by  𝜇(𝑥) = 𝑥  for all  𝑥 

∈ S . Then 𝜇  is normal fuzzy subset also it’s normalized because there exist  𝑥 

∈ [0,1] , such that  𝜇(𝑥) = 1.  

 

Definition 2.1.10: 

    The complement of a fuzzy set,   𝜇𝐶   is defined by                                   

𝜇C = 1 − 𝜇. 

 

Example 2.1.8:  

     Let  S = {1, 2, 3, 4, …, 12}, and 

𝜇 = {(1, 0.3), (2. 0.4), (3, 0.6),(4, 0.7), (5, 1), (6, 0.2), (7, 0.8), (8, 0),               (9, 

0), (10, 0), (11, 0), (12, 0)}. 

Then  𝜇𝐶  = {(1, 0.7), (2, 0.6), (3, 0.4), (4, 0.3), (5, 0), (6, 0.8), (7, 0.2), (8, 1), (9, 

1), (10, 1), (11, 1), (12, 1)}. 

 

Remark 2.1.4:  



    We use the notation  ⋁  for supermum and  ⋀  for infimum. 

 

Definition 2.1.11: 

     The union of two fuzzy subsets  𝜇  and  𝑣  of   S   is a fuzzy set  λ . Whose 

membership function is related to those of  𝜇  and 𝑣  by: 

𝜆 = (𝜇 ∪ 𝑣) = sup{𝜇, 𝑣} = 𝜇 ⋁ 𝑣 . 
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Definition 2.1.12: 

     The intersection of two fuzzy subset  𝜇  and  𝑣  of  S   is fuzzy set  λ . Whose 

membership function is related to those of  𝜇  and  𝑣  by: 

 𝜆 = (𝜇 ∩ 𝑣) = 𝑖𝑛𝑓{𝜇, 𝑣} = 𝜇 ⋀ 𝑣                                                                                                                                                                                                                                                                                                                                                     

Example 2.1.9:                                                                             

     Let  𝑆 = {𝛼, 𝛽, 𝛾, 𝛿} and let  

𝜇 = {(𝛼, 0.1), (𝛽, 0.5), (𝛾, 0.6), (𝛿, 0.3)}. 

𝑣 = {(𝛼, 0.3), (𝛽, 0.4), (𝛾, 0.6), (𝛿, 0.7)}. 

Then 

( 𝜇 ∪ 𝑣) = {(𝛼, 0.3), (𝛽, 0.5), (𝛾, 0.6), (𝛿, 0.7)}. 

And 

(𝜇 ∩ 𝑣) = {(𝛼, 0.1), (𝛽, 0.4), (𝛾, 0.6), (𝛿, 0.3)}. 

 



And 

(𝜇 ∪ 𝑣)𝑡 =

{
 
 

 
 
𝑆                  0.1 ≤ 𝑡 ≤ 0.3
{𝛽, 𝛾, 𝛿}        0.3 < 𝑡 ≤ 0.5
{𝛾, 𝛿}             0.5 < 𝑡 ≤ 0.6
{𝛿}                 0.6 < 𝑡 ≤ 0.7
∅                    0.7 < 𝑡 ≤ 0.9

  

(𝜇 ∩ 𝑣)𝑡 =

{
 
 

 
 
𝑆                   0 ≤ 𝑡 ≤ 0.1  
{𝛽, 𝛾, 𝛿}         0.1 < 𝑡 ≤ 0.3
{𝛽, 𝛾}             0.3 < 𝑡 ≤ 0.4
{ 𝛾}                 0.4 < 𝑡 ≤ 0.6
∅                     0.6 < 𝑡 ≤ 0.9
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Definition 2.1.13: 

      Let  {𝐴𝑖}𝑖∈𝐼  be any arbitrary family of fuzzy subsets of a set.                                                                                                                                                     

Then                                                                                                                                                                                                                                                                 

i.   (∪𝑖 𝐴𝑖)(𝑥) = ⋁𝑖𝐴𝑖(𝑥) = 𝑠𝑢𝑝𝑖𝐴𝑖(𝑥) . 

ii.   (∩𝑖 𝐴𝑖)(𝑥) = ⋀𝑖𝐴𝑖(𝑥) = 𝑖𝑛𝑓𝑖𝐴𝑖(𝑥) . 

                                                                                                                                                                                                                                                                               

Example 2.1.10:  

     Let  S   be the set of all real numbers, and let  A   be the set of all real 

numbers which are close to 3, and let the membership function of  A  be 

defined by:                                                 

𝐴(𝑥) =
1

1+(𝑥−3)2
 , 𝑥 ∈ 𝑆. 

      The set of all real numbers which are close to 5, may have             

 a membership function  B   defined by:  

𝐵(𝑥) =
1

1+(𝑥−5)2
, 𝑥 ∈ 𝑆. 



 

Then,  (𝐴 ∪ 𝐵)(𝑥) = {

1

1+(𝑥−3)2
   , 𝑥 ≤ 4

1

1+(𝑥−5)2
   , 𝑥 ≥ 4

 

 

 (𝐴 ∩ 𝐵)(𝑥) = {

1

1+(𝑥−5)2
  , 𝑥 ≤ 4

1

1+(𝑥−3)2
   , 𝑥 ≥ 4
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Definition 2.1.14: 

     If  𝜇 and 𝑣 are two fuzzy sets, the relative complement of  𝜇  with respect to  

𝑣, denoted by  𝜇 − 𝑣, defined by                                                   (𝜇 − 𝑣)(𝑥) =

𝜇(𝑥) − 𝑣(𝑥)   provided that  𝜇 ≥ 𝑣 . 

                                                                                                                      Definition 

2.1.15:                         

     The sum of two fuzzy sets  𝜇  and  𝑣  is defined by  

(𝜇 + 𝑣)(𝑥) = 𝜇(𝑥) + 𝑣(𝑥)  provided that the sum 

 𝜇(𝑥) + 𝑣(𝑥) ≤ 1   for all  𝑥. 

 

Example 2.1.11: 

      Let S = { 1, 2, 3, 4} 𝜇  and  𝑣  be two fuzzy subset of  S .                   𝜇(𝑥) =

{
0.7        𝑖𝑓        𝑥 = 1, 2
0.5        𝑖𝑓        𝑥 = 3, 4

 

And                                      

𝑣(𝑥) = {
0.3        𝑖𝑓        𝑥 = 1, 2
0.4        𝑖𝑓        𝑥 = 3, 4

  



                                                                                                                                       Then, 

 (𝜇 + 𝑣)(𝑥) = {
1         𝑖𝑓        𝑥 = 1, 2
0.9      𝑖𝑓        𝑥 = 3, 4

                                                                                                                                                                                                         

 (𝜇 − 𝑣)(𝑥) = {
0.4      𝑖𝑓        𝑥 = 1, 2
0.1      𝑖𝑓        𝑥 =  3, 4
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Definition 2.1.16: 

      The product of  𝜇  and  𝑣  is defined as  (𝜇𝑣)(𝑥) = 𝜇(𝑥)𝑣(𝑥)  for all    𝑥 ∈ S . 

 

Definition 2.1.17: 

   The probabilistic sum of  𝜇  and  𝑣  is defined as:                              (𝜇 ⊕

𝑣)(𝑥) = 𝜇(𝑥) + 𝑣(𝑥) − 𝜇(𝑥)𝑣(𝑥). 

 

Example 2.1.12: 

      Let  S = {1, 2, 3, 4} and   𝜇, 𝑣   be fuzzy subset of  S . 

𝜇(𝑥) = {
0.3        𝑖𝑓      𝑥 = 1,2
0.4        𝑖𝑓      𝑥 = 3,4

  ,   𝑣(𝑥) = {
0.5       𝑖𝑓       𝑥 = 1, 2
0.3       𝑖𝑓       𝑥 = 3, 4

 (𝜇𝑣)(𝑥) =

{
0.15          𝑖𝑓      𝑥 = 1, 2
0.12        𝑖𝑓        𝑥 = 3, 4

 

                                          (𝜇 ⊕ 𝑣)(𝑥) = (𝜇 + 𝑣) − 𝜇𝑣 = {
0.65        𝑖𝑓       𝑥 = 1, 2
0.58        𝑖𝑓       𝑥 = 3, 4

                                                                                                                                                                    

Definition 2.1.18:                                                                                                                                                                                                                                               

Let  ƒ   be function from  𝑋  into Y , and let   𝜇 ∈ ℱ𝑃(𝑋) and 𝑣 ∈ ℱ𝑃(𝑌), define 



the fuzzy subset   ƒ(𝜇) ∈ ℱ𝑃(𝑌)  and            𝑓−1(𝑣) ∈ ℱ𝑃(𝑋)   by   ∀ y ∈ 𝑌.                          

𝑓(𝜇) = {
sup{𝜇(𝑥)|𝑥 ∈ 𝑋, 𝑓(𝑥) = 𝑦}          𝑖𝑓     𝑓−1(𝑦) ≠ ∅
0                                                                 𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒
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And  ∀ 𝑥 ∈ 𝑋 , ƒ(𝜇) is called img of  𝜇  under  𝑓. 

𝑓−1(𝑣)(𝑥) = 𝑣(𝑓(𝑥)), 𝑓−1(𝑣) is called the pre-imge “or inverse imge” of  𝑣  

under ƒ. 

  

Theorem 2.1.1: 

      Let  ƒ  be a function from  𝑋  into Y  and  𝑔  a function from  Y   into Z  , then 

the following assertions hold                                                                                                                                                                                                 

1)  For all 𝜇𝑖 ∈ ℱ𝑃(𝑋), 𝑖 ∈ 𝐼, 𝑓(⋃  𝜇𝑖) = ⋃ 𝑓(𝜇𝑖)𝑖∈𝐼𝑖∈𝐼  and so       𝜇1 ⊆ μ2 ⇒

ƒ(μ1) ⊆ ƒ(μ2) ∀ μ1, μ2 ∈ ℱ𝑃(𝑋). 

                                                                                                                                       

2)   For all 𝑣𝑗  ∈ ℱ𝑃(𝑌), 𝑗 ∈ 𝐽  where  𝐽  is a non empty index set 

       𝑓−1(⋃ 𝑣𝑖) = ⋃ 𝑓−1(𝑣𝑗)𝑗∈𝐽𝑗∈𝐽 . 

       𝑓−1(∩𝑗∈𝐽 𝑣𝑗) =∩𝑗∈𝐽 𝑓
−1(𝑣𝑗). 

And there for 𝑣1 ⊆ 𝑣2 ⇒ 𝑓(𝑣1) ⊆ 𝑓(𝑣2)∀ 𝑣1, 𝑣2 ∈ ℱ𝑃(𝑌).  

 

3)    𝑓−1(𝑓(𝜇)) ⊇ 𝜇 ∀𝜇 ∈ ℱ𝑃(𝑋)  

In particular, if  ƒ  is an injection,                                                                       



Then       𝑓−1(𝑓(𝜇)) = 𝜇  ∀  𝜇 ∈ ℱ𝑃(𝑋).                                                             

4)   𝑓(𝑓−1(𝑣)) ⊆ 𝑣 ∀  𝑣 ∈ ℱ𝑃(𝑌), in particular, if ƒ is a surjection,                 

then   𝑓(𝑓−1(𝑣)) = 𝑣  ∀  𝑣 ∈ ℱ𝑃(𝑌). 
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5)   𝑓(𝜇) ⊆ 𝑣 ⇔ 𝜇 ⊆ 𝑓−1(𝑣) ∀  𝜇 ∈ ℱ𝑃(𝑋) and ∀ 𝑣 ∈ ℱ𝑃(𝑌). 

6)   𝑔(𝑓(𝜇)) = (𝑔 ∘ 𝑓)(𝜇)  ∀   𝜇 ∈ ℱ𝑃(𝑋).  

 

Remark 2.1.5: 

     If A is a fuzzy set, it is not necessary that   𝐴 ∪ 𝐴𝑐 = 𝑆  or  𝐴 ∩ 𝐴𝑐 = Ø. For 

example let 𝑆 = {𝛼, 𝛽, 𝛿}, and let  A be a fuzzy set in S given by:  

𝐴 = {(𝛼, 1), (𝛽, 0.4), (𝛿, 0.7)}. 

𝐴𝑐 = {(𝛼, 0), (𝛽, 0.6), (𝛿, 0.3 )}.                         𝐴 ∪ 𝐴𝑐 =

{(𝛼, 1), (𝛽, 0.6), (𝛿, 0.7)} ≠ the universal set. 

𝐴 ∩ 𝐴𝑐 = {(𝛼, 0), (𝛽, 0.4), (𝛿, 0.3)}  ≠ the fuzzy empty set 

 

Definition 2.1.19: 

     Let 𝜇1 be a fuzzy subset of a set 𝑋1 and 𝜇2 be a fuzzy subset of a set 𝑋2, then 

the fuzzy union of the fuzzy sets 𝜇1 and 𝜇2 is defined as a function.  



𝜇1 ∪ 𝜇2: 𝑋1 ∪ 𝑋2 → [0, 1] given by         (𝜇1 ∪ 𝜇2)(𝑥) =

{

max(𝜇1(𝑥), 𝜇2(𝑥))                𝑖𝑓      𝑥 ∈ 𝑋1 ∩ 𝑋2
 𝜇1(𝑥)                              𝑖𝑓     𝑥 ∈ 𝑋1 ∖ 𝑋1 ∩ 𝑋2
𝜇2(𝑥)                              𝑖𝑓      𝑥 ∈ 𝑋2 ∖ 𝑋1 ∩ 𝑋2

 

 

Example 2.1.13: 

Let 𝑋1={0, 1, 2, 3, 4} and 𝑋2={1, 3, 5, 7, 9} be two sets. Define 𝜇1: 𝑋1 → [0, 1]  
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 𝜇1(𝑥) = {

0                   𝑖𝑓              𝑥 = 0, 1
0.2                 𝑖𝑓               𝑥 = 2      
0.7                𝑖𝑓              𝑥 = 3, 4    

 

      𝜇2(𝑥) = {

1             𝑖𝑓    𝑥 = 1, 3
0.5           𝑖𝑓     𝑥 = 5      
0.3          𝑖𝑓        𝑥 = 7, 9

                  

Then the fuzzy union of the fuzzy sets 𝜇1 and 𝜇2                                                                                                                                                                                 

(𝜇1 ∪ 𝜇2)(𝑥) =

{
 
 

 
 
0          𝑖𝑓            𝑥 = 0
0.2      𝑖𝑓              𝑥 = 2
1         𝑖𝑓           𝑥 = 1, 3
0.5      𝑖𝑓               𝑥 = 5
0.7      𝑖𝑓               𝑥 = 4
0.3       𝑖𝑓           𝑥 = 7, 9

 

 

2.2 Intuitionistic Fuzzy set:  

     The concept   of fuzzy sets give the degree of membership of an element in a 

given set,“ intuitionistic fuzzy set (IFS)” gives both a degree of membership 

and a degree of non-membership. As for fuzzy sets, the degree of membership 



is a real number between 0 and 1. This also the case for the degree of non-

membership, and further the sum of these two degrees is not greater than 1. 

Definition 2.2.1: 

      An intuitionistic fuzzy set A , in S   is an object of the following form A 

={⟨𝑥, 𝜇𝐴(𝑥), 𝑣𝐴(𝑥)⟩|𝑥 ∈ 𝑆} or simply ⟨𝜇𝐴, 𝑣𝐴⟩. Where the function 𝜇𝐴: 𝑆 → [0, 1]  

and  𝑣𝐴: 𝑆 → [0, 1]  define the degree of membership and the degree of non-

membership, of the element, for each 𝑥 ∈ 𝑆, 0 ≤ 𝜇𝐴(𝑥) + 𝑣𝐴(𝑥) ≤ 1.    
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Remark 2.2.1: 

 .1. If   𝜋𝐴(𝑥) = 1 − 𝜇𝐴(𝑥) − 𝑣𝐴(𝑥), then  𝜋𝐴(𝑥) is called the degree of          

nondeterminance, of an element  𝑥 ∈ 𝑆, to the set   A   

[Clearly  𝜋𝐴(𝑥) ∈ [0, 1] ∀ 𝑥 ∈ 𝑆 ].                                                                        .2.   

Fuzzy set is particular case of the intuitionistic fuzzy set.  

.3.   If A  is fuzzy set, then 𝜋𝐴(𝑥) = 0  ∀ 𝑥 ∈ 𝑆. 

 

Operations on intuitionistic fuzzy set 2.2.1:  

      For every two “ IFS ” 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ and 𝐵 = ⟨𝜇𝐵 , 𝑣𝐵⟩ we define the following 

relations:                                                                     

.1.  𝐴 ⊂ 𝐵 ⇔ 𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥)  and  𝑣𝐴(𝑥) ≥ 𝑣𝐵(𝑥), ∀ 𝑥 ∈ 𝑆. 

.2.  𝐴 = 𝐵 ⇔ 𝐴 ⊂ 𝐵 & 𝐵 ⊂ 𝐴.   

.3.   𝐴̅ = ⟨𝑣𝐴, 𝜇𝐴⟩                                                                                                         

.4.  𝐴 ∩ 𝐵 = ⟨min(𝜇𝐴, 𝜇𝐵) ,max(𝑣𝐴, 𝑣𝐵)⟩ = ⟨𝜇𝐴 ⋀𝜇𝐵 , 𝑣𝐴 ⋁𝑣𝐵⟩. 

.5.  𝐴 ∪ 𝐵 = ⟨max(𝜇𝐴, 𝜇𝐵) ,min(𝑣𝐴, 𝑣𝐵)⟩  = ⟨𝜇𝐴 ⋁𝜇𝐵, 𝑣𝐴 ⋀𝑣𝐵⟩  

.6.  𝐴 + 𝐵 = ⟨𝜇𝐴 + 𝜇𝐵 − 𝜇𝐴. 𝜇𝐵 , 𝑣𝐴. 𝑣𝐵⟩ 



.7.  𝐴 . 𝐵 =  ⟨𝜇𝐴. 𝜇𝐵 , 𝑣𝐴 + 𝑣𝐵 − 𝑣𝐴. 𝑣𝐵⟩. 

.8.  𝐶(𝐴) = {⟨𝑥, 𝐾, 𝐿⟩|𝑥 ∈ 𝑆} where  

       𝐾 = 𝑚𝑎𝑥𝑥∈𝑆𝜇𝐴(𝑥) , 𝐿 = 𝑚𝑖𝑛𝑥∈𝑆𝑣𝐴(𝑥). 

.9.  𝐼(𝐴) = {⟨𝑥, 𝐾∗, 𝐿∗⟩}|𝑥 ∈ 𝑆} where 

      𝐾∗ = 𝑚𝑖𝑛𝑥∈𝑆𝜇𝐴(𝑥) , 𝐿
∗ = 𝑚𝑎𝑥𝑥∈𝑆𝑣𝐴(𝑥). 
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Definition 2.2.2: 

      The necessity operators is defined as : 

□ A =⟨𝜇𝐴, 1 − 𝜇𝐴⟩ 

  ◊ A  =⟨1 − 𝑣𝐴, 𝑣𝐴⟩. 

 

Example 2.2.1: 

     Consider    𝑆 = {𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5}. Let  A  and  B  be two intuitionistic fuzzy 

sets of  S  given by  

𝐴 = {⟨𝑎1, 0.4, 0.6⟩, ⟨𝑎2, 0.3, 0.7⟩, ⟨𝑎3, 1, 0⟩, ⟨𝑎4, 0.8, 0.1⟩, ⟨𝑎5, 0.5, 0.4⟩}. 

And  

𝐵 = {⟨𝑎1, 0.4, 0.4⟩, ⟨𝑎2, 0.5, 0.2⟩, ⟨𝑎3, 0.6, 0.2⟩, ⟨𝑎4, 0.1, 0.7⟩ , ⟨𝑎5, 0, 1⟩}. 

We see that 

𝐴̅ = {⟨𝑎1, 0.6, 0.4⟩, ⟨𝑎2, 0.7, 0.3⟩, ⟨𝑎3, 0, 1⟩, ⟨𝑎4, 0.1, 0.8⟩ , ⟨𝑎5, 0.4, 0.5⟩}.  

𝐵̅ = {⟨𝑎1, 0.4, 0.4⟩, ⟨𝑎2, 0.2, 0.5⟩, ⟨𝑎3, 0.2, 0.6⟩, ⟨𝑎4, 0.7, 0.1⟩ , ⟨𝑎5, 1, 0⟩}. 

 𝐴 ∩ 𝐵 = {⟨𝑎1, 0.4, 0.6⟩, ⟨𝑎2, 0.3, 0.7⟩, ⟨𝑎3, 0.6, 0.2⟩} 



   𝐴 ∪ 𝐵 = {⟨𝑎1, 0.4, 0.4⟩, ⟨𝑎2, 0.5, 0.2⟩, ⟨𝑎3, 1, 0⟩, 

                  ⟨𝑎4, 0.8, 0.1⟩, ⟨𝑎5, 0.5, 0.4⟩}.  𝐴 + 𝐵 =

{⟨𝑎1, 0.64, 0.24⟩, ⟨𝑎2, 0.65, 0.14⟩, ⟨𝑎3, 1, 0⟩,  

                   ⟨𝑎4, 0.82, 0.07, ⟨𝑎5, 0.5, 0.4⟩}.    
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𝐴. 𝐵={⟨𝑎1, 0.16, 0.76⟩, ⟨𝑎2, 0.15, 0.76⟩, ⟨𝑎3, 0.6, 0.2⟩, ⟨𝑎4, 0.08, 0.73⟩,  

             ⟨𝑎5, 0, 1⟩}.□𝐴 ={⟨𝑎1, 0.4, 0.6⟩, ⟨𝑎2, 0.3, 0.7⟩, ⟨𝑎3, 1, 0⟩, ⟨𝑎4, 0.8, 0.2⟩,              

              ⟨𝑎5, 0.5, 0.5⟩}. 

□𝐵 = {⟨𝑎1, 0.4, 0.6⟩, ⟨𝑎2, 0.5, 0.5⟩, ⟨𝑎3, 0.6, 0.4⟩ , ⟨𝑎4, 0.1, 0.9⟩, ⟨𝑎5, 0, 1⟩}. 

◊ 𝐴 = {⟨𝑎1, 0.4, 0.6⟩, ⟨𝑎2, 0.3, 0.7⟩, 𝑎3, 1, 0⟩, ⟨𝑎4, 0.9, 0.1⟩ , ⟨𝑎5, 0.6, 0.4⟩}. 

◊ 𝐵 = {⟨𝑎1, 0.6, 0.4⟩, ⟨𝑎2, 0.8, 0.2⟩, ⟨𝑎3, 0.8, 0.2⟩ , ⟨𝑎4, 0.3, 0.7⟩, ⟨𝑎5, 0, 1⟩}. 

𝐶(𝐴) = {⟨𝑎3, 1, 0⟩}. 

𝐶(𝐵) = {⟨𝑎3, 0.6, 0.2⟩}. 

𝐼(𝐴) = {⟨𝑎2, 0.3, 0.7⟩}. 

𝐼(𝐵) = {⟨𝑎5, 0, 1⟩}. 

 

Theorem 2.2.1: 

     For every IFS A 

.1.  □𝐴 =◊ 𝐴̅̅̅ ̅̅  



.2.  ◊ 𝐴 = □𝐴̅̅̅ ̅̅   

.3.   □𝐴 ⊂ 𝐴 ⊂ ◊ 𝐴 

.4.   □□A = □A 

.5.   □◊A = ◊A 

.6.   ◊□A = □A 

.7.   ◊◊A = ◊A 
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Theorem 2.2.2:                                                                                                                                                                                                                                                     

For every two IFS  ̓s A  and B : 

.1.  □(A ∪ B) = □A ∪ □B 

.2.  ◊(A ∪ B) = ◊A ∪ ◊B 

                                                                                                                         Theorem 2.2.3: 

      For every two IFS  ̓s A  and B  

.1.  □(A ∩ B) = □A ∩ □ B 

.2.  ◊(A ∩ B) = ◊A ∩ ◊B 

.3.  □(A + B) = □A + □B 

.4.  ◊(A + B) =◊ 𝐴.◊ 𝐵̅̅ ̅̅ ̅̅ ̅̅ ̅  

.5.  □(A . B) = □A . □B 

.6.  ◊(A . B) =◊ 𝐴 +◊ 𝐵̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅   

                                                                                                                                           Proof:  

        We will prove only 1 & 6. 



.1.   𝐴 ∩ 𝐵 = {⟨𝑥,𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) ,𝑚𝑎𝑥(𝑣𝐴(𝑥), 𝑣𝐵(𝑥))⟩|⟩𝑥 ∈ 𝑆}.                                                                                                                                                                    

= {⟨𝑥,𝑚𝑖𝑛(𝜇𝐴(𝑥), 𝜇𝐵(𝑥))⟩|𝑥 ∈ 𝑆}. 

                     = {⟨𝑥, 𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝑆} ∩ {⟨𝑥, 𝜇𝐵(𝑥)⟩|𝑥 ∈ 𝑆}. 

                     = □𝐴 ∩ □𝐵.                                                 ∎  
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.6.    ◊ (𝐴. 𝐵) =◊ {⟨𝑥, 𝜇𝐴(𝑥). 𝜇𝐵(𝑥), 𝑣𝐴(𝑥) + 𝑣𝐵(𝑥) − 𝑣𝐴(𝑥). 𝑣𝐵(𝑥)⟩| 

        𝑥 ∈ 𝑆}.                                    

                          = {⟨𝑥, 1 − 𝑣𝐴(𝑥) − 𝑣𝐵(𝑥) + 𝑣𝐴(𝑥). 𝑣𝐵(𝑥)⟩|𝑥 ∈ 𝑆}.      

                          = {⟨𝑥, 𝑣𝐴(𝑥) + 𝑣𝐵(𝑥) − 𝑣𝐴(𝑥). 𝑣𝐵(𝑥)⟩|𝑥 ∈ 𝑆}̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

                          = {⟨𝑥, 𝑣𝐴(𝑥)⟩|𝑥 ∈ 𝑆} + {⟨𝑥, 𝑣𝐵(𝑥)⟩|𝑥 ∈ 𝑆}̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

                          =◊ 𝐴 +◊ 𝐵̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅                                               ∎ 

 

Definition 2.2.3:  

           𝐴 ⊂□ 𝐵 Iff ( ∀ 𝑥 ∈ 𝑆)(𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥)),    

          𝐴 ⊂◊ 𝐵 Iff  ( ∀ 𝑥 ∈ 𝑆)(𝑣𝐴(𝑥) ≥ 𝑣𝐵(𝑥)).      

 

 

Theorem 2.2.4: 

      For every two IFS’s A  and B  

.1.   𝐴 ⊂□  𝐵  iff  □A ⊂ □B 

.2.   𝐴 ⊂◊  𝐵   iff  ◊A ⊂ ◊B                                                                                        

 



Proof :  

     We prove only 1. 

  .1.  Let 𝐴 ⊂□ 𝐵, 𝑖. 𝑒. ( ∀𝑥 ∈ 𝑆)(𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥)). Then for □A  and  □B           it 

follows that  □A ⊂ □B . 
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Conversly,  

If  □A ⊂ □B , then (∀𝑥 ∈ 𝑆)(𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥), 𝑖. 𝑒. 𝐴 ⊂□ 𝐵).          ∎                                                                                                                                           

Theorem 2.2.5:                                                

      For every two IFS  ̓s   A  and  B 

.1.  𝐴 ⊂□ 𝐵 & 𝐴 ⊂◊ 𝐵 iff  A ⊂ B 

.2.  If   𝐴 ⊂□ 𝐵 & 𝐴□𝐵, then  A ⊂ B 

.3.  If  𝐴 ⊂◊ 𝐵 & 𝐵□𝐴, then A ⊂ B 

 

Proof :  

.1.   If 𝐴 ⊂□ 𝐵 & 𝐴 ⊂◊ 𝐵 then  

       ( ∀𝑥 ∈ 𝑆)(𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥)) & ( ∀𝑥 ∈ 𝑆)(𝑣𝐴(𝑥) ≥ 𝑣𝐵(𝑥)). 

        Hence ( ∀𝑥 ∈ 𝑆)(𝜇𝐴(𝑥) ≤ 𝜇𝐵(𝑥) &  𝑣𝐴(𝑥) ≥ 𝑣𝐵(𝑥)). 

        Therefore 𝐴 ⊂ 𝐵. 

        Conversly, If  A ⊂ B, then  

        ( ∀𝑥 ∈ 𝑆)(𝜇𝐴(𝑥) ≤ 𝜇𝐵 (𝑥)&  𝑣𝐴(𝑥) ≥ 𝑣𝐵(𝑥)), 

         𝑖. 𝑒. 𝐴 ⊂□ 𝐵 & 𝐴 ⊂◊ 𝐵.                                                         █ 



                                                                                                                                Theorem 

2.2.6: 

        For every two IFS’ s  A   and  B 

.1.   C(A) and I(A) are IFS’ s 

.2.   I(A) ⊂ A ⊂ C(A) 
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.3.   C(A ∪B) = C(A) ∪ C(B) 

.4.   C(C(A)) = C(A) 

.5.   C(0) = 0  where 0 = ⟨0, 1⟩ 

                                                                                                                                      

Theorem 2.2.7: 

       For every IFS   A 

.1.   ◊A ⊂ C(A) .                                                                                                          

.2.  I (A ) ⊂ □ A .                                                                                                                                                                                                                                              

.3.   𝐼(𝐴̅)̅̅ ̅̅ ̅̅  = C(A) . 

 

Definition 2.2.4:   

     Let   A = {⟨𝑥1, 𝜇𝐴(𝑥1), 𝑣𝐴(𝑥1)⟩|𝑥1 ∈ 𝑋1}, 

 𝐵 = {⟨𝑥2, 𝜇𝐴(𝑥2), 𝑣𝐴(𝑥2)⟩|   𝑥2 ∈ 𝑋2} be two IFS ̓s . The Cartesian product of 

these two IFS  ̓s   is the set                                                                                                             

  𝐴 × 𝐵 ={⟨⟨𝑥1, 𝑥2⟩, 𝜇𝐴(𝑥1). 𝜇𝐵(𝑥2), 𝑣𝐴(𝑥1). 𝑣𝐵(𝑥2)⟩| 𝑥1 ∈ 𝑋1, 𝑥2 ∈ 𝑋2}  

 

Remark 2.2.2: 



        Because: 

 0 ≤ 𝜇𝐴(𝑥1). 𝜇𝐵(𝑥2) + 𝑣𝐴(𝑥1). 𝑣𝐵(𝑥2) ≤ 𝜇𝐴(𝑥1) + 𝑣𝐴(𝑥1) ≤ 1  

it follows that  A × B  is an IFS .    
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Theorem 2.2.8: 

        For  𝑋1, 𝑋2, 𝑋3 and for IFS’ s  A, B(over 𝑋1), C(over 𝑋2), D(over 𝑋3). 

.1.    A × C = C × A 

.2.    (A × C ) × D = A × (C × D) 

.3.    (A ∪ B )× C = (A × C ) ∪ (B × C ) 

.4.    (A ∩ B ) × C = (A × C ) ∩ (B × C 

.5.    (A + B ) ×  C  ⊂ (A × C )+ (B × C ) 

.6.    (A . B ) × C  ⊃ (A × C ) . (B × C ) 

                                                                                                                                                                                                                                                                                                                                                                                                              

Proof : 

We  prove only 5.  

.5. (A + B ) × C  =                                                                                                                         

{⟨𝑥, 𝜇𝐴(𝑥) + 𝜇𝐵(𝑥) − 𝜇𝐴(𝑥). 𝜇𝐵(𝑥), 𝑣𝐴(𝑥). 𝑣𝐵(𝑥)|𝑥 ∈ 𝑋} × 𝐶                                     

={⟨⟨𝑥, 𝑦⟩, (𝜇𝐴(𝑥) + 𝜇𝐵(𝑥) − 𝜇𝐴(𝑥). 𝜇𝐵(𝑥)). 𝜇𝐶(𝑦), 𝑣𝐴(𝑥). 𝑣𝐵(𝑥). 𝑣𝐶(𝑦)⟩ |𝑥 ∈

𝑋1, 𝑦 ∈ 𝑋2}.                                                                                            

However                                                                                                                      

     𝜇𝐴(𝑥). 𝜇𝐶(𝑦) + 𝜇𝐵(𝑥). 𝜇𝐶(𝑦) − 𝜇𝐴(𝑥). 𝜇𝐵(𝑥). 𝜇𝐶(𝑦) ≤

                                    𝜇𝐴(𝑥). 𝜇𝐶(𝑦) + 𝜇𝐵(𝑥). 𝜇𝐶(𝑦) − 𝜇𝐴(𝑥). 𝜇𝐵(𝑥). 𝜇𝐶(𝑦)
2                                                                                                                                  

and                                

𝑣𝐴(𝑥). 𝑣𝐵(𝑥). 𝑣𝐶(𝑦) ≥ 𝑣𝐴(𝑥). 𝑣𝐵(𝑥). 𝑣𝐶(𝑦)
2, so that                               
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(𝐴 + 𝐵) × 𝐶 ⊂ {⟨⟨𝑥, 𝑦⟩, 𝜇𝐴(𝑥). 𝜇𝐶(𝑦) + 𝜇𝐵(𝑥). 𝜇𝐶(𝑥) −

𝜇𝐴(𝑥). 𝜇𝐵(𝑥). 𝜇𝐶(𝑦)
2, 𝑣𝐴(𝑥). 𝑣𝐵(𝑥). 𝑣𝐶(𝑦)

2⟩|𝑥 ∈ 𝑋1, 𝑦 ∈ 𝑋2}  

                                 = {⟨⟨𝑥, 𝑦⟩, 𝜇𝐴(𝑥). 𝜇𝐶(𝑦), 𝑣𝐴(𝑥). 𝑣𝐶(𝑦)⟩|𝑥 ∈ 𝑋1, 𝑦 ∈ 𝑋2}                                    

+{⟨⟨𝑥, 𝑦⟩, 𝜇𝐵(𝑥). 𝜇𝐶(𝑦), 𝑣𝐵(𝑥). 𝑣𝐶(𝑦)|𝑥 ∈ 𝑋1, 𝑦 ∈ 𝑋2}                                 =(A × C ) 

+ (B × C ) 

 

Theorem 2.2.9: 

       Let   A,B  IFS  ̓s  in  𝑋1,𝑋2, respectively  then: 

.1.   □(A × B)  ⊂  □A × □B 

.2.   ◊(A × B)  ⊃  ◊A × ◊B  

.3.   C (A × B ) ⊂  C (A ) × C (B ) 

.4.    I (A × B )  ⊃  I(A ) ×I (B ) 

 

Proof : 

We prove only 1. 

[1].  □(𝐴 × 𝐵) = 

  □{⟨⟨𝑥, 𝑦⟩, 𝜇𝐴(𝑥), 𝜇𝐵(𝑦), 𝑣𝐴(𝑥). 𝑣𝐵(𝑦)⟩|𝑥 ∈ 𝑋1, 𝑦 ∈ 𝑋2}. 

= {⟨⟨𝑥, 𝑦⟩, 𝜇𝐴(𝑥). 𝜇𝐵(𝑦), 1 − 𝜇𝐵(𝑥). 𝜇𝐵(𝑡)⟩|𝑥 ∈ 𝑋1, 𝑦 ∈ 𝑋2}. 

⊂ {⟨𝑥, 𝑦⟩,  𝜇𝐴(𝑥). 𝜇𝐵(𝑥), (1 − 𝜇𝐴(𝑥)). (1 − 𝜇𝐵(𝑦))|𝑥 ∈  𝑋1 , 𝑦 ∈ 𝑋2}. 

= {⟨𝑥, 𝜇𝐴(𝑥), 1 − 𝜇𝐴(𝑥)⟩|𝑥 ∈ 𝑋1}×{⟨𝑦, 𝜇𝐵(𝑦), 1 − 𝜇𝐵(𝑦)⟩|𝑦 ∈ 𝑋2}. 



 =□A×□B . 
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Theorem 2.2.10: 

If  A   and  B are two IFS  ̓s in  S , then 

.1.   (𝐴𝐶)𝐶 = 𝐴                                                                                                           .2.  

(𝐴̅)𝐶 = (𝐴𝐶)̅̅ ̅̅ ̅̅                                                                                                        .3.  (𝐴 ∪

𝐵)𝐶 = 𝐴𝐶 ∩ 𝐵𝐶  

.4.  (𝐴 ∩ 𝐵)𝐶 = 𝐴𝐶 ∪ 𝐵𝐶 

 

Proof : 

        We prove only 4. 

.4.  𝐴𝐶 ∪ 𝐵𝐶 = {⟨𝑥, 𝜇𝐴
𝐶(𝑥), 𝑣𝐴

𝐶(𝑥)⟩|𝑥 ∈ 𝑆} ∪ {⟨𝑥, 𝜇𝐵
𝐶(𝑥), 𝑣𝐵

𝐶(𝑥)⟩|𝑥 ∈ 𝑆}.                         

                       = {⟨𝑥, 𝜇𝐴
𝐶(𝑥)⋁𝜇𝐵

𝐶(𝑥), 𝑣𝐴
𝐶(𝑥)⋀ 𝑣𝐴

𝐶(𝑥)|𝑥 ∈ 𝑆}.     

                        = {⟨𝑥, 𝜇𝐴∩𝐵
𝐶 (𝑥), 𝑣𝐴∪𝐵

𝐶 (𝑥)⟩|𝑥 ∈ 𝑆}. 

                        = {⟨𝑥, 𝜇(𝐴∩𝐵)(𝑥), 𝑣(𝐴∪𝐵)(𝑥)⟩𝑥 ∈ 𝑆}
𝐶 . 

                                        ∎                         = (𝐴 ∩ 𝐵)𝐶 

 

Definition 2.2.5: 

    Let  Φ  be a mapping form a set   𝑋   to a set   𝑌. Let   𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an 

intuitionistic fuzzy subset of   𝑋  and   𝐵 = ⟨𝜇𝐵, 𝑣𝐵⟩ be an                    

intuitionistic fuzzy subset of   𝑌. Then, the inverse image         Φ−1(𝐵) =

(Φ−1(𝜇𝐵),Φ
−1(𝑣𝐵))  is the intuitionistic fuzzy subset of  𝑋  defined by  

Φ−1(𝐵)(𝑥) = (Φ−1(𝜇𝐵)(𝑥),Φ
−1(𝑣𝐵)(𝑥)) = (𝜇𝐵(Φ(𝑥)), 𝑣𝐵(Φ(𝑥))). 
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The image  Φ(𝐴) = (Φ(𝜇𝐴),Φ(𝑣𝐴)) is the intuitionistic fuzzy subset of  𝑌  

defined by: 

                                       Φ(𝜇𝐴)(𝑥) = {
sup{𝜇𝐴(𝑡): 𝑡 ∈ Φ

−1(𝑦)}     𝑖𝑓   Φ−1(𝑦) ≠ ∅
0                                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

And  

                                    Φ(𝑣𝐴)(𝑥) = {
inf{𝑣𝐴(𝑡):  𝑡 ∈ Φ

−1(𝑦)}        𝑖𝑓  Φ−1(𝑦) ≠ ∅
1                                           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

 

 

 

 

 

 

                                                                                                                                                                                                

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter Three: Intuitionistic Fuzzy Interior Ideals Of Γ-Semigroups 



 

3.1 Intuitionistic fuzzy subsemigroups : 

      In this chapter we study the intuitionistic fuzzication on the concept of 

several ideals in a semigroup S , and investigate some properties of such 

ideals. 

The materials of this chapter is taken from the following references:[12], [13], 

[14].                                                                                                                                                                                                                         

Definition 3.1.1 :   

        An IFS  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ in  S  is called an intuitionistic fuzzy subsemigroup of  

S   if:                                                                                           (i)   𝜇𝐴(𝑥𝑦) ≥

𝑖𝑛𝑓{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)}.   

(ii)   𝑣𝐴(𝑥𝑦) ≤ 𝑠𝑢𝑝{𝑣𝐴(𝑥), 𝑣𝐴(𝑦)}. 

 

Example 3.1.1: 

      Consider the semigroup   S =(ℤ, +), let E   be the set of all even integers, 

and  O   be the set of all odd integers.                                              Define 𝜇𝐴: 𝑆 →
[0, 1] by:   

                                                                                                                               𝜇𝐴(𝑥) =

{
0.6      𝑖𝑓     𝑥 ∈ 𝐸
0.4     𝑖𝑓     𝑥 ∈ 𝑂,

 

And define 𝑣𝐴: 𝑆 → [0, 1] by:                                                                                                                                                                                                               

𝑣𝐴(𝑥) = {
0.5       𝑖𝑓     𝑥 ∈ 𝐸
0.7      𝑖𝑓     𝑥 ∈ 𝑂.

                                                                                                                                                                                                                      

(i)    If   𝑥, 𝑦 ∈ 𝐸, then    𝜇𝐴(𝑥) = 𝜇𝐴(𝑦) = 0.6   and                                                

𝜇𝐴(𝑥 + 𝑦) = 0.6 ,𝑣𝐴(𝑥) = 𝑣𝐴(𝑦) = 0.5    and 𝑣𝐴(𝑥 + 𝑦) = 0.5 .   
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(ii)   If  𝑥, 𝑦 ∈ 𝑂, then 𝜇𝐴(𝑥) = 𝜇𝐴(𝑦) = 0.4   and  𝜇𝐴(𝑥 + 𝑦) = 0.6 ,                

𝑣𝐴(𝑥) = 𝑣𝐴(𝑦) = 0.7   and  𝑣𝐴(𝑥 + 𝑦) = 0.5 .  

(iii)   If  𝑥 ∈ 𝐸, 𝑦 ∈ 𝑂, then 𝜇𝐴(𝑥) = 0.6, 𝜇𝐴(𝑦) = 0.4   and                                    

𝜇𝐴(𝑥 + 𝑦) = 0.4, 𝑣𝐴(𝑥) = 0.5, 𝑣𝐴(𝑦) = 0.7,  𝑣𝐴(𝑥 + 𝑦) = 0.7 .  

Hence 𝜇𝐴(𝑥 + 𝑦) ≥ inf{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)},                                                                          

𝑣𝐴(𝑥 + 𝑦) ≤ sup{𝑣𝐴(𝑥), 𝑣𝐴(𝑦)},                                                              for all  𝑥, 𝑦 ∈ 𝑆.                                                                                                                                                                                                                                                

Thus 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy subsemigroup of the semigroup  ℤ . 

 

Example 3.1.2: 

     Let 𝑆 = {0, 1, 2, 3,4 } be a semigroup with the following Cayley table: 

 

                                                                                                                                                                                                          

Table 3.1.1                                                                                                                                                                                                                                                                        

Define an IFS 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ in   S   by  𝜇𝐴(0) = 𝜇𝐴(1) =

𝜇𝐴(2) = 0.6,  𝜇𝐴(3) = 𝜇𝐴(4) = 0.2, 

 𝑣𝐴(0) = 𝑣𝐴(1) = 𝑣𝐴(2) = 0.2    and    𝑣𝐴(3) = 𝑣𝐴(4) = 0.6 

.  

Then   𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy subsemigroup 

of  S . 
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Definition 3.1.2: 

        An IFS  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩in  S   is called an:                                                       (i)   

Intuitionistic fuzzy left ideal of  S  if: 

4 3 2 1 0 . 
0 0 0 0 0 0 

0 3 0 1 0 1 

4 0 2 0 0 2 

1 0 0 3 0 3 

0 2 4 0 0 4 



         𝜇𝐴(𝑥𝑦) ≥ 𝜇𝐴(𝑦)  and  𝑣𝐴(𝑥𝑦) ≤ 𝑣𝐴(𝑦)                                                              for 

any 𝑥, 𝑦 ∈ 𝑆. 

(ii)  Intuitionistic fuzzy right ideal of  S  if:                                                              

𝜇𝐴(𝑥𝑦) ≥ 𝜇𝐴(𝑥)  and  𝑣𝐴(𝑥𝑦) ≤ 𝑣𝐴(𝑥)                                                              for any 

𝑥, 𝑦 ∈ 𝑆.  

(iii)  Intuitionistic fuzzy (two-sided) ideal of  S  if it is both an                         

intuitionistic fuzzy left and an intuitionistic fuzzy right ideal of S . 

 

Example 3.1.3: 

      Consider the semigroup   S = ℝ. 

Define 𝜇: 𝑆 → [0, 1], 𝑣: 𝑆 → [0, 1] by:                                                                                                                                                                                                        

𝜇𝐴(𝑥) = {
0.5      𝑖𝑓     𝑥 ∈ ℚ
0.3      𝑖𝑓     𝑥 ∉ ℚ,

 

                                                                                            𝑣𝐴(𝑥) = {
0.2     𝑖𝑓     𝑥 ∈ ℚ
0.7     𝑖𝑓     𝑥 ∉ ℚ.

 

 

Then 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy left ideal.  
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 Example 3.1.4: 



           Let 𝑆 = {1, 2, 3}  be the semigroup with the following Cayley table:  

 

                                                                                                                                                                                                   

Table 3.1.2             Define an IFS 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ in  S   by:        

𝜇𝐴(1) = 𝜇𝐴(2) = 𝜇𝐴(3) = 0.5, 

𝑣𝐴(1) = 𝑣𝐴(2) = 𝑣A(3) = 0.3 . 

It is clear that 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy ideal 

of  S . 

                                                                                                                                        Remark 

3.1.1: 

     It is clear that any intuitionistic fuzzy left (right) ideal of  S  is an 

intuitionistic fuzzy subsemigroup of  S . 

                                                                                                                              Example 

3.1.5: 

     This example shows that an intuitionistic fuzzy subsemigroup need not be 

an intuitionistic fuzzy right ideal. 

      Consider a semigroup  𝑆 = {1, 2} with the following Cayley table:            

                                                                                                

                                                                                                                                                                                                                                                                                                     

Table 3.1.3                      
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Define an IFS 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ in  S  by:                    

𝜇𝐴(1) = 0.6 , 𝜇𝐴(2) = 0.4, 

𝑣𝐴(1) = 0.2 , 𝑣𝐴(2) = 0.5 . 

3 2 1     ⃘

3 3 3 1 

3  3  3 2 

3 3 3 3 

2 1 . 

2 1 1 

2 2 2 



So  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy subsemigroup of  S  but 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is 

not an intuitionistic fuzzy right ideal of  S . 

 

Definition 3.1.3: 

      An intuitionistic fuzzy subsemigroup  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ of  S  is called an 

intuitionistic fuzzy bi-ideal of  S   if:                                                                                                                                                                                                   

(i)     𝜇𝐴(𝑥𝑤𝑦) ≥ inf{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)} 

(ii)   𝑣𝐴(𝑥𝑤𝑦) ≤ sup{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)} 

For all 𝑤, 𝑥, 𝑦 ∈ 𝑆. 

                                                                                                                                       

Example 3.1.6: 

     Let S ={1, 2, 3, 4, 5} be a semigroup with the following Cayley     table: 

 

 

 

                                                                                                     Table 3.1.4                                                                                                                                          

Define IFS 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ in S  by:                                                                           𝜇𝐴(1) =

0.6, 𝜇𝐴(2) = 0.5, 𝜇𝐴(3) = 0.4, 𝜇𝐴(4) = 0.4, 𝜇𝐴(5) = 0.3,           𝑣𝐴(1) = 𝑣𝐴(2) =

0.3, 𝑣𝐴(3) = 0.4, 𝑣𝐴(4) = 0.5, 𝑣𝐴(5) = 0.6 .  
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     By routine calculation, it is clear that 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ 

is an intuitionistic fuzzy bi-ideal of  S . 

Theorem 3.1.1: 

      Every intuitionistic fuzzy left (right)ideal of  S  is an intuitionistic fuzzy bi-

ideal of  S . 

5 4 3 2 1 . 

1 1 1 1 1 1 

1 1 1 1 1 2 

5 3 3 1 1 3 

5 4 3 1 1 4 

5 3 3 1 1 5 



Proof: 

      Let  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy left ideal of   S   and  𝑤, 𝑥, 𝑦 ∈ 𝑆. 

Then  

𝜇𝐴(𝑥𝑤𝑦) = 𝜇𝐴(𝑥𝑤)𝑦) ≥ 𝜇𝐴(𝑦) ≥ inf{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)}, 

And  

𝑣𝐴(𝑥𝑤𝑦) = 𝑣𝐴((𝑥𝑤)𝑦) ≤ 𝑣𝐴(𝑦) ≤ sup{𝑣𝐴(𝑥), 𝑣𝐴(𝑦)}. 

Thus  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy bi-ideal of  S . The right case is 

proved in an analongous way.                                           █ 

 

Theorem 3.1.2: 

      Let  S  be a regular semigroup. If every bi-ideal of  S  is a right (left) ideal of  

S ,then every intuitionistic fuzzy bi-ideal of  S  is an intuitionistic fuzzy right 

(left) ideal of  S . 

 

Theorem 3.1.3: 

     If {𝐴𝑖}𝑖∈⋀  is a family of intuitionistic fuzzy bi-ideal of  S , then  ⋂𝐴𝑖 is an 

intuitionistic fuzzy bi-ideal of  S ,   where  ⋂𝐴𝑖 = (⋀𝜇𝐴𝑖 ,  ⋁ 𝑣𝐴𝑖)    and           

⋀ 𝜇𝐴𝑖(𝑥) = inf{𝜇𝐴𝑖(𝑥)|𝑖 ∈ ⋀,  𝑥 ∈ 𝑆},                                                                 

⋁ 𝑣𝐴𝑖(𝑥) = sup{𝑣𝐴𝑖(𝑥)|𝑖 ∈⋀,  𝑥 ∈ 𝑆}. 
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Theorem 3.1.4: 

     If an IFS 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ in  S  is an intuitionistic fuzzy bi-ideal of  S , then so is  

□𝐴 = ⟨𝜇𝐴, 𝜇𝐴
𝐶⟩.  

 

Definition 3.1.4: 



        An intuitionistic fuzzy subsemigroup  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ of  S  is called an 

intuitionistic fuzzy (1, 2)-ideal of  S   if:  

 (i)   𝜇𝐴(𝑥𝑤(𝑦𝑧)) ≥ inf{𝜇𝐴(𝑥), 𝜇𝐴(𝑦), 𝜇𝐴(𝑧)}, 

(ii)   𝑣𝐴(𝑥𝑤(𝑦𝑧)) ≤ sup{𝑣𝐴(𝑥), 𝑣𝐴(𝑦), 𝑣𝐴(𝑧)},                                           For all  

𝑤, 𝑧, 𝑥 , 𝑦 ∈ 𝑆 .                                                                                                    

 

Example 3.1.7: 

Let S ={1, 2, 3, 4, 5} be a semigroup with the following Cayle  table: 

 

 

 

   

 

                                                    

                                                     Table 3.1.5 

Define an IFS 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ in  S  by:  
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𝜇𝐴(1) = 𝜇𝐴(2) = 𝜇𝐴(3) = 1, 𝜇𝐴(4) = 𝜇𝐴(5) = 0, and                                 

𝑣𝐴(1) = 𝑣𝐴(2) = 𝑣𝐴(3) = 0, 𝑣𝐴(4) = 𝑣𝐴(5) = 1. 

By routine calculation, it is clear that 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is 

an intuitionistic fuzzy (1, 2)-ideal of  S . 

5 4 3 2 1 . 

1 1 1 1 1 1 

3 2 1 1 1 2 

1 1 3 2 1 3 

5 4 1 1 1 4 

1 1 5 4 1 5 



We note that  𝑀 = {1, 2, 3} is a (1, 2)-ideal of  S , hence 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ can be 

defined as follows: 

                                                                                       𝜇𝐴(𝑥) = {
1       𝑖𝑓   𝑥 ∈ 𝑀
0     𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒

    and   

𝑣𝐴(𝑥) = {
0        𝑖𝑓       𝑥 ∈ 𝑀
1        𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒.  

 

 

Theorem 3.1.5: 

     Every intuitionistic fuzzy bi-ideal is an intuitionistic fuzzy (1, 2)-ideal. 

 

Theorem 3.1.6: 

     If  S  is a regular semigroup, then every intuitionistic fuzzy (1, 2)-ideal of  S  

is an intuitionistic fuzzy bi-ideal of  S . 

 

Theorem 3.1.7: 

     Let  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy bi-ideal of  S . If  S   is a completely 

regular, then  𝐴(𝑎) = 𝐴(𝑎2) for all   𝑎 ∈ 𝑆. 

                                                                                                                                          

Theorem 3.1.8: 

     Let  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy ideal of  S .If  S  is an intra-regular, 

then  𝐴(𝑎) = 𝐴(𝑎2) for all  𝑎 ∈ 𝑆. 
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   Theorem 3.1.9: 

      Let  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy ideal of  S . If  S  is an intra-

regular, then  𝐴(𝑎𝑏) = 𝐴(𝑏𝑎)  for all    𝑎, 𝑏 ∈ 𝑆. 



Theorem 3.1.10: 

     An IFS   𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy bi-ideal of  S  if and only if the 

fuzzy sets  𝜇𝐴  and  𝑣𝐴
𝐶   are fuzzy bi-ideals of  S .                                                                                                                                                      

  

Corollary 3.1.1:  

     An  IF  𝐴 = ⟨𝜇𝐴, 𝑣A⟩ is an intuitionistic fuzzy bi-ideal of  S  if and only if    

□𝐴 = ⟨𝜇𝐴, 𝜇𝐴
𝐶⟩  and  ◊ 𝐴 = ⟨𝑣𝐴, 𝑣𝐴

𝐶⟩ are intuitionistic fuzzy bi-ideal of  S .  

                                                                                                

Theorem 3.1.11: 

    Let  𝑓: 𝑆 → 𝑇  be a homomorphism of semigroups. If   𝐵 = ⟨𝜇𝐵, 𝑣𝐵⟩ is an 

intuitionistic fuzzy bi-ideal of  T , then the preimage  𝑓−1(𝐵) =

(𝑓−1(𝜇B), 𝑓
−1(𝑣B)) of  B  under  𝑓  is an intuitionistic fuzzy bi-ideal of  S . 

 

3.2 Intuitionistic fuzzy interior ideals of Γ-semigroup: 

     In this section we study the notion of intuitionistic fuzzy interior ideals and 

intuitionistic fuzzy characteristic interior ideals of  Г-semigroup and obtain 

some of their properties such as the characteristic function criterion and level 

subset criterion. Finally, in this section we will see characterization of simple 

Г-semigroup in terms of intuitionistic fuzzy interior ideal.                                          

     The materials of this chapter is taken from the following reference:[1]. 
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Definition 3.2.1: 

     A non-empty intuitionistic fuzzy subset 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ of  Γ-semigroup S  is 

called an intuitionistic fuzzy subsemigroup of  S  if it satisfies:                                                                                                                      

(i)     𝜇𝐴(𝑥𝛾𝑦) ≥ min{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)} , ∀ 𝑥, 𝑦 ∈ 𝑆 𝑎𝑛𝑑  ∀𝛾 ∈ 𝛤, 

(ii)     𝑣𝐴(𝑥𝛾𝑦) ≤ max{𝑣𝐴(𝑥), 𝑣𝐴(𝑦)} , ∀𝑥, 𝑦 ∈ 𝑆  𝑎𝑛𝑑  ∀𝛾 ∈ 𝛤. 



 

Dentition 3.2.2: 

     A  Γ-semigroup is said to be intuitionistic fuzzy simple if every intuitionistic 

fuzzy ideal of  S   is a constant function. 

                                                                                                                                 Lemma 

3.2.1: 

    A  Γ-semigroup  S   is simple if and only if it is intuitionistic fuzzy simple. 

Proof: 

    Let  S   be a  Г-semigroup and  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy interior 

ideal of  S . Let  𝑎, 𝑏 ∈ 𝑆. Then, by theorem 3.8[21], 

𝑈(𝜇𝐴, 𝜇𝐴(𝑎)), 𝑈(𝜇𝐴, 𝜇𝐴(𝑏)), 𝐿(𝑣𝐴, 𝑣𝐴(𝑎))  and   𝐿(𝑣𝐴, 𝑣𝐴(𝑏)) are ideals of   S . 

Since  S   is simple, we have  𝑈(𝜇𝐴, 𝜇𝐴(𝑎)) = 𝑆 = 𝑈(𝜇𝐴, 𝜇𝐴(𝑏)) and  

𝐿(𝑣𝐴, 𝑣𝐴(𝑎)) = 𝑆 = 𝐿(𝑣𝐴, 𝑣𝐴(𝑏)). Consequently, it follows that  𝑎 ∈

𝑈(𝜇𝐴, 𝜇𝐴(𝑏)), 𝐿(𝑣𝐴, 𝑣𝐴(𝑏)) and  𝑏 ∈ 𝑈(𝜇𝐴, 𝜇𝐴(𝑎)), 𝐿(𝑣𝐴, 𝑣𝐴(𝑎)), which implies 

that  𝜇𝐴(𝑎) ≥ 𝜇𝐴(𝑏), 𝑣𝐴(𝑎) ≤ 𝑣𝐴(𝑏)  and   𝜇𝐴(𝑏) ≥ 𝜇𝐴(𝑎), 𝑣𝐴(𝑏) ≤ 𝑣𝐴(𝑎). So, 

𝜇𝐴(𝑎) = 𝜇𝐴(𝑏)  and  𝑣𝐴(𝑎) = 𝑣𝐴(𝑏)  for all  𝑎, 𝑏 ∈ 𝑆. Hence,  S   is intuitionistic 

fuzzy simple. 

     Conversely, suppose that  S   is intuitionistic fuzzy simple. Let  I  be an ideal 

of  S . Then,  (𝜘𝐼 , 𝜘𝐼
𝑐) is an intuitionistic fuzzy ideal of   S (cf.  Corollary 

3.11[21]). Let  𝑥 ∈ 𝑆.  
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Since  S   is intuitionistic fuzzy simple, the intuitionistic fuzzy ideal (𝜘𝐼 , 𝜘𝐼
𝑐) is a 

constant function, and so  𝜇𝐼(𝑥) = 𝜇𝐼(𝑎)  and  𝑣𝐼(𝑥) = 𝑣𝐼(𝑎) ∀𝑎 ∈ 𝐼. Hence,  

(𝜘𝐼(𝑥), 𝜘𝐼
𝑐(𝑥)) = (1, 0), whence 𝑥 ∈ 𝐼. Thus, we have  𝑆 = 𝐼. Hence, the Г-

semigroup is simple.                  █    

 

Definition 3.2.3: 



     An intuitionistic fuzzy subsemigroup  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ of  Γ-semigroup S   is 

called an intuitionistic fuzzy interior ideal of  S  if it satisfies:         (i)    

𝜇𝐴(𝑥𝛼𝑎𝛽𝑦) ≥ 𝜇𝐴(𝑎), ∀ 𝑥, 𝑦 ∈ 𝑆  𝑎𝑛𝑑   ∀ 𝛾 ∈ 𝛤, 

(ii)   𝑣𝐴(𝑥𝛼𝑎𝛽𝑦) ≤ 𝑣𝐴(𝑎), ∀ 𝑥, 𝑦 ∈ 𝑆  𝑎𝑛𝑑    ∀ 𝛾 ∈ 𝛤. 

 

Definition 3.2.4: 

(1)   A non-empty intuitionistic fuzzy subset   𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ of   Γ-semigroup S   

is called an intuitionistic fuzzy left ideal of  S   if it satisfies:                                                                                                                 

(i)    𝜇𝐴(𝑥𝛾𝑦) ≥ 𝜇𝐴(𝑦),   ∀ 𝑥, 𝑦 ∈ 𝑆   𝑎𝑛𝑑   ∀ 𝛾 ∈ 𝛤, 

                                                                                                                                      (ii)  

𝑣𝐴(𝑥𝛾𝑦) ≤ 𝑣𝐴(𝑦),   ∀ 𝑥, 𝑦 ∈ 𝑆   𝑎𝑛𝑑   ∀ 𝛾 ∈ 𝛤. 

(2)   A non-empty intuitionistic fuzzy subset  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ of  Γ-semigroup  S   

is called an intuitionistic fuzzy right ideal of  S  if it satisfies: 

(i)    𝜇𝐴(𝑥𝛾𝑦) ≥ 𝜇𝐴(𝑥),   ∀ 𝑥, 𝑦 ∈ 𝑆  𝑎𝑛𝑑   ∀ 𝛾 ∈ 𝛤, 

(ii)   𝑣𝐴(𝑥𝛾𝑦) ≤ 𝑣𝐴(𝑥),   ∀ 𝑥, 𝑦 ∈ 𝑆  𝑎𝑛𝑑   ∀ 𝛾 ∈ 𝛤. 

(3)   A non-empty intuitionistic fuzzy subset  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ of   Γ-            

semigroup  S   is called  an intuitionistic fuzzy ideal of  S  if it is an intuitionistic 

fuzzy left and intuitionistic fuzzy right ideal of  S . 
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Example 3.2.1: 

      Let  S  be the set of all non-positive integers and  Γ  be the set of all non-

positive even integers. Then , S   is a  Γ-semigroup where   𝑎𝛾𝑏  denoted the 

usual multiplication of integers  𝑎, 𝛾, 𝑏  with  𝑎, 𝑏 ∈ 𝑆  and   𝛾 ∈ 𝛤. Let  𝐴 =

⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy subset of  S , defined as follows:                                                                                                                                                                                                                                                                                                                                                                               

𝜇𝐴 = {
1      𝑖𝑓                𝑥 = 0
0.1     𝑖𝑓     𝑥 = −1,−2 

,𝜇𝐴 = {
0         𝑖𝑓       − 3,−6
0.4     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒       

 

 



And  

𝑣𝐴 = {
0        𝑖𝑓      𝑥 = 0          
0.8     𝑖𝑓       𝑥 = −1,−2

 ,𝑣𝐴 = {
1        𝑖𝑓      𝑥 = −3,−6
0.5   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒              

 

 

Then, the intuitionistic fuzzy subset  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ of  S   is an intuitionistic 

fuzzy interior ideal of   S  which is not an intuitionistic fuzzy ideal of  S .                                                                                                                                                                                                                                 

Proposition 3.2.1: 

     If   {𝐴𝑖}𝑖∈⋀  is a family of intuitionistic fuzzy interior ideals of  a   Γ-

semigroup  S , then  ⋂ 𝐴𝑖𝑖∈⋀    is an intuitionistic fuzzy interior ideal of S , 

provided it is non-empty. 

 

Proof : 

Let 𝐵 = ⋂ 𝐴𝑖𝑖∈⋀   and   𝑥, 𝑎, 𝑦 ∈ 𝑆, 𝛼, 𝛽, 𝛾 ∈ Г. Then, 

 𝜇𝐵(𝑥𝛾𝑦) = 𝑖𝑛𝑓𝑖∈⋀{𝜇𝐴𝑖(𝑥𝛾𝑦) 
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                ≥ 𝑖𝑛𝑓𝑖∈⋀{min{𝜇𝐴𝑖(𝑥), 𝜇𝐴𝑖(𝑦)}}  

                = min{ 𝑖𝑛𝑓𝑖∈⋀{𝜇𝐴𝑖(𝑥), 𝑖𝑛𝑓𝑖∈⋀{𝜇𝐴𝑖 , (𝑦)} } 

                = min{𝜇𝐵(𝑥), 𝜇𝐵(𝑦)} 

Also, we have                                                                                                                                                                                                                                                   

𝑣𝐵(𝑥𝛾𝑦) = 𝑠𝑢𝑝𝑖∈⋀{𝑣𝐴𝑖(𝑥𝛾𝑦)} 

                   ≤ 𝑠𝑢𝑝𝑖∈⋀{max{𝑣𝐴𝑖(𝑥), 𝑣𝐴𝑖(𝑦)}}                     

                   = max{𝑠𝑢𝑝𝑖∈⋀{𝑣𝐴𝑖(𝑥)}, 𝑠𝑢𝑝𝑖∈⋀{𝑣𝐴𝑖(𝑦)} } 

                   = max{𝑣𝐵(𝑥), 𝑣𝐵(𝑦)}. 

Hence, ⋂ 𝐴𝑖𝑖∈⋀   is an intuitionistic fuzzy subsemigroup of  S . Again,  



       𝜇𝐵(𝑎) = 𝑖𝑛𝑓𝑖∈⋀{𝜇𝐴𝑖(𝑎)} ≤ 𝑖𝑛𝑓𝑖∈⋀{𝜇𝐴𝑖(𝑥𝛼𝑎𝛽𝑦) = 𝜇𝐵(𝑥𝛼𝑎𝛽𝑦). 

Also, we have  

       𝑣𝐵(𝑎) = 𝑠𝑢𝑝𝑖∈⋀{𝑣𝐴𝑖(𝑎) ≥ 𝑠𝑢𝑝𝑖∈⋀{𝑣𝐴𝑖(𝑥𝛼𝑎𝛽𝑦) = 𝑣𝐵(𝑥𝛼𝑎𝛽𝑦). 

Therefore, ⋂ 𝐴𝑖𝑖∈⋀  is an intuitionistic fuzzy interior ideal of  S .          █ 

 

Lemma 3.2.2: 

     If   𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S, then    so is   

□𝐴 = ⟨𝜇𝐴, 𝜇𝐴
𝐶⟩. 

 

Lemma 3.2.3: 

     If  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S , then so is  ◊ 𝐴 =

⟨𝑣𝐴
𝐶 , 𝑣𝐴⟩. 
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Theorem 3.2.1:  

     𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S  if and only if   □𝐴  

and  ◊ 𝐴  are intuitionistic fuzzy interior ideals of  S . 

 

Corollary 3.2.1: 

     An intuitionistic fuzzy subset  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ of  S   is an intuitionistic fuzzy 

interior ideal of  S   if and only if    𝜇𝐴  and   𝑣𝐴
𝐶    are fuzzy interior ideals of   S . 

 

Definition 3.2.5: 



     For any   𝑡 ∈ [0, 1] and a fuzzy subset  𝜇  of  S , the set            𝑈(𝜇; 𝑡) = {𝑥 ∈

𝑆 ∶ 𝜇(𝑥) ≥ 𝑡}(respectively, 𝐿(𝜇; 𝑡) = {𝑥 ∈ 𝑆: 𝜇(𝑥) ≤ 𝑡}) is called an upper  

(respectively, lower)  𝘵-level cut of  𝜇 .  

 

Example 3.2.2: 

      Let  𝑆 = {𝑎, 𝑏, 𝑐} and  𝛤 = {𝛾, 𝛿}, where γ, δ  is defined on  S  with the 

following Caley table:  

 

                                                                                                               and  

  

 

            Table 3.2.1                                                   Table 3.2.2                                                                                                                                                                          
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Then,  S   is a  Γ-semigroup. Let us consider a subset  𝜇 : S → [0, 1], by  𝜇(𝑎)= 

0.8,  𝜇(𝑏)= 0.7, 𝜇(𝑐) =0.6 . For  𝘵 = 0.7, 𝑈(𝜇; 𝑡) = {𝑎, 𝑏} and    𝐿(𝜇; 𝑡) = {𝑏, 𝑐}. 

 

Theorem 3.2.2: 

     If   𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S , then the upper 

and lower level cuts  𝑈(𝜇𝐴; 𝑡) and   𝐿(𝑣𝐴; 𝑡) are interior ideals of  S   for every  

𝑡 ∈ 𝐼𝑚(𝜇𝐴)⋂ 𝐼𝑚(𝑣𝐴). 

 

Proof: 

    Let  𝑡 ∈ 𝐼𝑚(𝜇𝐴) ∩ 𝐼𝑚(𝑣𝐴)  and let  𝑥, 𝑦 ∈ 𝑈(𝜇𝐴; 𝑡)  and  𝛾 ∈ Г. 

Then, 𝜇𝐴(𝑥) ≥ 𝑡  and  𝜇𝐴(𝑦) ≥ 𝑡. Now, since  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic 

fuzzy interior ideal of   S , it is an intuitionistic fuzzy subsemigroup of  S , hence  

𝑐 𝑏 𝑎 δ 

𝑎 𝑎 𝑎 𝑎 

𝑏 𝑏 𝑏 𝑏 

𝑐 𝑐 𝑐 𝑐 

𝑐 𝑏 𝑎 γ 

𝑎 𝑎 𝑎 𝑎 

𝑏 𝑏 𝑏 𝑏 

𝑐 𝑐 𝑐 𝑐 



𝜇𝐴(𝑥𝛾𝑦) ≥ min{𝜇𝐴(𝑥), 𝜇𝐴(𝑥), 𝜇𝐴(𝑦)} ≥ 𝑡. Consequently,  𝑥𝛾𝑦 ∈ 𝑈(𝜇𝐴; 𝑡). 

Hence, 𝑈(𝜇𝐴; 𝑡) is a subsemigroup of  S .  

     Again, let  𝑥, 𝑦 ∈ 𝑆, 𝑎 ∈ 𝑈(𝜇𝐴; 𝑡)  and  𝛼, 𝛽 ∈ Г. Then, 𝜇𝐴(𝑎) ≥ 𝑡.  

Now, since  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S , hence  

𝜇𝐴(𝑥𝛼𝑎𝛽𝑦) ≥ 𝜇𝐴(𝑎) ≥ 𝑡. Consequently,  𝑥𝛼𝑎𝛽𝑦 ∈ 𝑈(𝜇𝐴; 𝑡). Hence, 𝑈(𝜇𝐴; 𝑡)  is 

an interior ideal of  S . 

     Similarly, let  𝑥, 𝑦 ∈ 𝐿(𝑣𝐴; 𝑡) and  𝛾 ∈ Г. Then,  𝑣𝐴(𝑥) ≤ 𝑡  and  𝑣𝐴(𝑦) ≤ 𝑡. 

Now, since  𝐴 = ⟨𝜇𝐴, 𝑣𝐴 ⟩ is an intuitionistic fuzzy interior ideal of   S , it is an 

intuitionistic fuzzy subsemigroup of  S  , hence  𝑣𝐴(𝑥𝛾𝑦) ≤

max{𝑣𝐴(𝑥), 𝑣𝐴(𝑦)} ≤ 𝑡. Consequently,  𝑥𝛾𝑦 ∈ 𝐿(𝑣𝐴; 𝑡). Hence, 𝐿(𝑣𝐴; 𝑡) is a 

subsemigroup of  S . 

       Again,  let  𝑥, 𝑦 ∈ 𝑆, 𝑎 ∈ 𝐿(𝑣𝐴; 𝑡) and  𝛼, 𝛽 ∈ Г. Then,  𝑣𝐴(𝑎) ≤ 𝑡 
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Now, since  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S , hence  

𝑣𝐴(𝑥𝛼𝑎𝛽𝑦) ≤ 𝑣𝐴(𝑎) ≤ 𝑡. Consequently,  𝑥𝛼𝑎𝛽𝑦 ∈ 𝐿(𝑣𝐴; 𝑡). Hence,  𝐿(𝑣𝐴; 𝑡) is an 

interior ideal of  S .                                        █  

 

Theorem 3.2.3  

     If  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy subset of  S  such that the non-

empty sets  𝑈(𝜇𝐴; 𝑡) and   𝐿(𝑣𝐴; 𝑡) are interior ideals of  S  for all  𝑡 ∈ [0, 1]. 

Then,  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal  of  S .  

 

Proof : 

     For  𝑡 ∈ [0, 1],  let us assume that the non-empty sets  𝑈(𝜇𝐴; 𝑡)  and 𝐿(𝑣𝐴; 𝑡) 

are interior ideals of  S . Now, we shall that  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ satisfies the 

conditions of Definitions 2.1 and 2.2 . Let 𝑥, 𝑦 ∈ 𝑆  and  𝛾 ∈ Г. Let  𝑡0 =



min{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)} and  𝑡1 = max{𝑣𝐴(𝑥), 𝑣𝐴(𝑦)}. Then, 𝑥, 𝑦 ∈ 𝑈(𝜇𝐴; 𝑡0) and 

𝑥, 𝑦 ∈ 𝐿(𝑣𝐴; 𝑡1). So  𝑥𝛾𝑦 ∈ 𝑈(𝜇𝐴; 𝑡0) and  𝑥𝛾𝑦 ∈ 𝐿(𝑣𝐴; 𝑡1)  which implies that  

𝜇𝐴(𝑥𝛾𝑦) ≥ 𝑡0 = min{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)}   and  𝑥𝛾𝑦 ≤ 𝑡1 = max{𝑣𝐴(𝑥), 𝑣𝐴(𝑦)}.    

Hence,  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy subsemigruop of  S . 

     Again, let  𝑥, 𝑎, 𝑦 ∈ 𝑆  and  𝛼, 𝛽 ∈ Г. Let  𝑡2 = 𝜇𝐴(𝑎) and 𝑡3 = 𝑣𝐴(𝑎). Then,  

𝑎 ∈ 𝑈(𝜇𝐴; 𝑡2)  and  𝑎 ∈ 𝐿(𝑣𝐴; 𝑡3). So  𝑥𝛼𝑎𝛽𝑦 ∈ 𝑈(𝜇𝐴; 𝑡2)  and  𝑥𝛼𝑎𝛽𝑦 ∈

𝐿(𝑣𝐴; 𝑡3)  which implies that  𝜇𝐴(𝑥𝛼𝑎𝛽𝑦) ≥ 𝑡2 = 𝜇𝐴(𝑎)   and  𝑥𝛼𝑎𝛽𝑦 ≤ 𝑡3 =

𝑣𝐴(𝑎). Hence,  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S .                                                                                             

█                                                                                                                        
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Corollary 3.2.2: 

     Let  I  be an interior ideal of a  Γ-semigroup  S . If two fuzzy subsets 𝜇  and   𝑣  

are defined on  S   by 

                                                                                           𝜇(𝑥) ≔ {
𝛼0      𝑖𝑓    𝑥 ∈ 𝐼       
𝛼1      𝑖𝑓   𝑥 ∈ 𝑆 − 𝐼

 

 

And  

𝑣(𝑥) ≔ {
𝛽0    𝑖𝑓     𝑥 ∈ 𝐼       
𝛽1    𝑖𝑓    𝑥 ∈ 𝑆 − 𝐼

 ,                                                                                 

                                                                                                                                   Where 

0 ≤ 𝛼1 < 𝛼0 , ≤ 𝛽0 < 𝛽1  and  𝛼𝑖 + 𝛽𝑖 ≤ 1 for 𝑖 = 0, 1. Then,  𝐴 = ⟨𝜇, 𝑣⟩ is an 

intuitionistic fuzzy interior ideal of  S  and  𝑈(𝜇; 𝛼0) = 𝐼 = 𝑈(𝑣; 𝛽0). 

 

Corollary 3.2.3 



      Let   𝜒𝐼  be the characteristic function of an interior ideal  I  of   S . Then,  𝐼 =

(𝜒𝐼 , 𝜒𝐼
𝑐) is an intuitionistic fuzzy interior ideal of  S . 

 

Example 3.2.3: 

      Let  S  denote the set of all integers of the form  4𝑛+1  and  Γ   dente the set 

of all integers of the form   4𝑛+3   where  𝑛 is an integer. Then, S  is a regular  

Γ-semigroup where  𝑎 + 𝛼 + 𝑏  denote the usual sum of integers  𝑎, 𝛼, 𝑏  with  

𝑎, 𝑏 ∈ 𝑆 and   𝛼 ∈ 𝛤. Let  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy subset of  S , 

defined as follows:  
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𝜇𝐴(𝑥) = {
1          𝑖𝑓  𝑥 = 4𝑛 + 1
0.3      𝑖𝑓   𝑥 = 4𝑛 + 3

  , 

And  

                                                                                           𝑣𝐴(𝑥) = {
0         𝑖𝑓  𝑥 = 4𝑛 + 1
0.6     𝑖𝑓   𝑥 = 4𝑛 + 3

 

Then,  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S  which is also an 

intuitionistic fuzzy ideal of  S .  

                             

Proposition 3.2.2:  

       Let   Φ:  S → T   be a homomorphism of  Γ-semigroups. Then,  

(i)   If   𝐵 = ⟨𝜇𝐵 , 𝑣𝐵⟩ is an intuitionistic fuzzy interior ideal of  T , then         

Φ−1(𝐵) = (Φ−1(𝜇𝐵),Φ
−1(𝑣𝐵)) is an intuitionistic fuzzy interior            ideal of   

S . 

 



(ii)    If  Φ  is onto and  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior              

ideal of  S , then Φ(𝐴) = (Φ(𝜇𝐴),Φ(𝑣𝐴)) is an intuitionistic                     fuzzy 

interior ideal of  T .   

 

Proof : 

(i)Let  𝐵 = ⟨𝜇𝐵 , 𝑣𝐵⟩ be an intuitionistic fuzzy interior ideal of  T . Then,  𝐵 =

⟨𝜇𝐵, 𝑣𝐵⟩ is an intuitionistic fuzzy subsemigroup of  T . Let  𝑥, 𝑦 ∈ 𝑆  and  𝛾 ∈ Г. 

Then,                                                               Ф−1(𝜇𝐵)(𝑥𝛾𝑦) = 𝜇𝐵(Ф(𝑥𝛾𝑦)) =

𝜇𝐵(Ф(𝑥)𝛾Ф(𝑦)) 
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(since  Ф  is a homomorphism o  Г-emigroups) 

                             ≥ min{𝜇𝐵(Ф(𝑥)), 𝜇𝐵(Ф(𝑦))} 

                             = min{Ф−1(𝜇𝐵)(𝑥),Ф
−1(𝜇𝐵)(𝑦)} 

And                                                                                                Ф−1(𝑣𝐵)(𝑥𝛾𝑦) =

𝑣𝐵(Ф(𝑥𝛾𝑦)) = 𝑣𝐵(Ф(𝑥)𝛾Ф(𝑦)). 

(since Ф is a homomorphism of Г-semigroups) 

                               ≤ max{𝑣𝐵(Ф(𝑥)), 𝑣𝐵(Ф(𝑦))} 

                               = max{Ф−1(𝑣𝐵(𝑥),Ф
−1(𝑣𝐵)(𝑦)}. 

Thus,  Ф−1(𝐵) = (Ф−1(𝜇𝐵),Ф
−1(𝑣𝐵))  is an intuitionistic fuzzy subsemigroup 

of  S . Again, let  𝑥, 𝑦, 𝑎 ∈ 𝑆  and  𝛼, 𝛽 ∈ Г. Then,                    Ф−1(𝜇𝐵)(𝑥𝛼𝑎𝛽𝑦) =

𝜇𝐵(Ф(𝑥𝛼𝑎𝛽𝑦)) 

                                       = 𝜇𝐵(Ф(𝑥)𝛼Ф(𝑎)𝛽Ф(𝑦)) 

(since Ф is a homomorphism of  Г-semigroups)   



                                       ≥ 𝜇𝐵(Ф(𝑎)) = Ф
−1(𝜇𝐵)(𝑎) 

And  

    Ф−1(𝑣𝐵)(𝑥𝛼𝑎𝛽𝑦) = 𝑣𝐵(Ф(𝑥𝛼𝑎𝛽𝑦)) 

                                       = 𝑣𝐵(Ф(𝑥)𝛼Ф(𝑎)𝛽Ф(𝑦)) 

(since Ф is a homomorphism of  Г-semigroups)  

                                       ≤ 𝑣𝐵(Ф(𝑎)) = Ф
−1(𝑣𝐵(𝑎). 

Therefore,  Ф−1(𝐵) = (Ф−1(𝜇𝐵),Ф
−1(𝑣𝐵))  is an intuitionistic fuzzy interior 

ideal of  S . 
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(ii) Let  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy interior ideal of  S . Then, it is an 

intuitionistic fuzzy subsemigroup of  S . Since  (Ф(𝜇𝐴)(𝑥
′) = 𝑠𝑢𝑝Ф(𝑥)=𝑥′{𝜇𝐴(𝑥)} 

For 𝑥′ ∈ 𝑇  and  (Ф(𝑣𝐴))(𝑥
′) = 𝑖𝑛𝑓Ф(𝑥)=𝑥′{𝑣𝐴(𝑥)}  for  𝑥

′ ∈ 𝑇, so Ф(𝐴) =

(Ф(𝜇𝐴),Ф(𝑣𝐴))  is non-empty. Let  𝑥
′, 𝑦′ ∈ 𝑇  and  𝛾 ∈ Г. Then,                                                     

(Ф(𝜇𝐴))(𝑥
′𝛾𝑦′) = 𝑠𝑢𝑝Ф(𝑧)=𝑥′𝛾𝑦′{𝜇𝐴(𝑧)} 

                                ≥ 𝑠𝑢𝑝Ф(𝑥)=𝑥′,Ф(𝑦)=𝑦′{𝜇𝐴(𝑥𝛾𝑦)} 

                                                                                                                                                                     

= min{ 𝑠𝑢𝑝Ф(𝑥)=𝑥′{𝜇𝐴(𝑥)}, 𝑠𝑢𝑝Ф(𝑦)=𝑦′{𝜇𝐴(𝑦)}}            

                              = min{(Ф(𝜇𝐴))(𝑥
′), (Ф(𝜇𝐴))(𝑦

′)} 

And                                                                                                                                                                                                       

(Ф(𝑣𝐴))(𝑥
′𝛾𝑦′) = 𝑖𝑛𝑓Ф(𝑧)=𝑥′𝛾𝑦′{𝑣𝐴(𝑧)} 

≤ 𝑖𝑛𝑓Ф(𝑥)=𝑥′,Ф(𝑦)=𝑦′{𝑣𝐴(𝑥𝛾𝑦)} 



                                       ≤ 𝑖𝑛𝑓Ф(𝑥)=𝑥′,Ф(𝑦)=𝑦′{max{𝑣𝐴(𝑥), 𝑣𝐴(𝑦)}} 

                                       = max{𝑖𝑛𝑓Ф(𝑥)=𝑥′{𝑣𝐴(𝑥)}, 𝑖𝑛𝑓Ф(𝑦)=𝑦′{𝑣𝐴(𝑦)}} 

                                       = max{(Ф(𝑣𝐴))(𝑥
′), (Ф(𝑣𝐴))(𝑦

′)} 

Therefore, Ф(𝐴) = (Ф(𝜇𝐴),Ф(𝑣𝐴))  is an intuitionistic fuzzy subsedmigroup of  

T . Again, let  𝑥′𝑦′𝑎′ ∈ 𝑇  and  𝛼, 𝛽 ∈ Г. Then, (Ф(𝜇𝐴))(𝑥
′𝛼𝑎′𝛽𝑦′) =

𝑠𝑢𝑝Ф(𝑧)=𝑥′ 𝛼𝑎′𝛽𝑦′{𝜇𝐴(𝑧)} 

                                       ≥ 𝑠𝑢𝑝Ф(𝑥)=𝑥′,Ф(𝑎)=𝑎′,Ф(𝑦)=𝑦′{𝜇𝐴(𝑥𝛼𝑎𝛽𝑦)} 

                                       ≥ 𝑠𝑢𝑝Ф(𝑎)=𝑎′{𝜇𝐴(𝑎)} 

                                       = (Ф(𝜇𝐴))(𝑎
′) 
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And                                              (Ф(𝑣𝐴))(𝑥
′𝛼𝑎′𝛽𝑦′) = 𝑖𝑛𝑓Ф(𝑧)=𝑥′ 𝛼𝑎′𝛽𝑦′{𝑣𝐴(𝑧)} 

                                                                                                                                                                              

≤ 𝑖𝑛𝑓Ф(𝑥)=𝑥′,Ф(𝑎)=𝑎′,Ф(𝑦)=𝑦′{𝑣𝐴(𝑥𝛼𝑎𝛽𝑦)} 

                                        ≤ 𝑖𝑛𝑓Ф(𝑎)=𝑎′{𝑣𝐴(𝑎)} 

                                        = (Ф(𝑣𝐴))(𝑎
′). 

Therefore,  Ф(𝐴) = (Ф(𝜇𝐴),Ф(𝑣𝐴)) is an intuitionistic fuzzy interior ideal of  T 

.                                                                                                          █ 

 

Proposition 3.2.3:                                                                                                          Let  S   

be a  Γ-semigroup and   𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy ideal of  S . Then,  

A  is an intuitionistic fuzzy interior ideal of  S .                                                                                                                                

Proof : 

     Let  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy ideal of  S . Let  𝑥, 𝑦 ∈ 𝑆  and 𝛾 ∈

Г. Then,  𝜇𝐴(𝑥𝛾𝑦) ≥ 𝜇𝐴(𝑥) and  𝜇𝐴(𝑥𝛾𝑦) ≥ 𝜇𝐴(𝑦), which implies that  



𝜇𝐴(𝑥𝛾𝑦) ≥ min{𝜇𝐴(𝑥), 𝜇𝐴(𝑦)}. Again, we have  𝑣𝐴(𝑥𝛾𝑦) ≤ 𝑣𝐴(𝑥)  and 

𝑣𝐴(𝑥𝛾𝑦) ≤ 𝑣𝐴(𝑦), which implies          𝑣𝐴(𝑥𝛾𝑦) ≤ max{𝑣𝐴(𝑥), 𝑣𝐴(𝑦)}. Hence,  

𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy subsemigroup of  S . 

      Now, let  𝑥, 𝑎, 𝑦 ∈ 𝑆  and  𝛼, 𝛽 ∈ Г. Then,  𝜇𝐴(𝑥𝛼𝑎𝛽𝑦) = 𝜇𝐴(𝑥𝛼(𝑎𝛽𝑦)) ≥

𝜇𝐴(𝑎𝛽𝑦) ≥ 𝜇𝐴(𝑎)   and       𝑣𝐴(𝑥𝛼𝑎𝛽𝑦) = 𝑣𝐴(𝑥𝛼(𝑎𝛽𝑦)) ≤ 𝑣𝐴(𝑎𝛽𝑦) ≤ 𝑣𝐴(𝑎).    

      Hence,  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S . █ 
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Proposition 3.2.4: 

    Let  S   be a regular  Γ-semigroup and  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy 

interior ideal of  S . Then,  A  is an intuitionistic fuzzy ideal of   S . 

Proof : 

     Let  𝑥, 𝑦 ∈ 𝑆 , 𝛾 ∈ Г . Since   S   is regular, for any  𝑥 ∈ 𝑆  there exist  𝑎 ∈ 𝑆  

and  𝛼, 𝛽 ∈ Г  such that  𝑥 = 𝑥𝛼𝑎𝛽𝑥. Then,  𝜇𝐴(𝑥𝛾𝑦) = 𝜇𝐴(𝑥𝛼𝑎𝛽𝑥𝛾𝑦) ≥ 𝜇𝐴(𝑥) 

and  𝑣𝐴(𝑥𝛾𝑦) = 𝑣𝐴(𝑥𝛼𝑎𝛽𝑥𝛾𝑦) ≤ 𝑣𝐴(𝑥). So  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic 

fuzzy right ideal of  S . 

    Similarly, we can prove that  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy left ideal 

of  S . Hence,  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy ideal of S . 

 

Remark 3.2.1: 

    From the above two propositions it is clear that in regular  Γ-semigroups the 

concept of intuitionistic fuzzy ideals and intuitionistic fuzzy interior ideals 

coincide. 

 

Definition 3.2.6: 



    An interior ideal  M   of a   Γ-semigroup   S   is called a characteristic interior 

ideal of   S   if    𝑓(M ) = M   for all   𝑓 ∈ 𝐴𝑢𝑡(𝑆). 

 

Example3.2.4 

    Let  S   be the set of all 2×3  matrices and  Γ  be the set of all 3×2 matrices 

over the ring of integers. Then, S   is a  Γ-semigroup with respect to usual 

matrix multiplication. 
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 Let us define  𝑓 : S → S  by  𝑓(𝐴2,3) = 2𝐴2,3. Then, 𝑓 ∈ 𝐴𝑢𝑡(𝑆). Let  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ 

be an intuitionistic fuzzy subset of  S  defined as follows: 

                                                                                   𝜇𝐴(𝑥) = {
0.3    𝑖𝑓  𝑥 = (

0 0 0
0 0 0

)

0.2                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

And  

                                                                             𝑣𝐴(𝑥) = {
0.6      𝑖𝑓    𝑥 = (

0 0 0
0 0 0

)

0.8     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒               
 

 

Then,  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy characteristic interior ideal of  S . 

 

Definition 3.2.7: 

    An intuitionistic fuzzy interior ideal   𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩  of a  Γ-semigroup  S   is 

called an intuitionistic fuzzy characteristic interior ideal of  S   if  𝜇𝐴(𝑓(𝑥)) =

𝜇𝐴(𝑥) and  𝑣𝐴(𝑓(𝑥)) = 𝑣𝐴(𝑥) ∀ 𝑥 ∈ 𝑆  and  ∀ 𝑥 ∈ 𝐴𝑢𝑡(𝑆). 

 



Theorem 3.2.4: 

    If  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩  is an intuitionistic fuzzy characteristic interior ideal of  S   

then the upper and lower level cuts  𝑈(𝜇𝐴; 𝑡) and   𝐿(𝑣𝐴; 𝑡) are characteristic 

interior ideals of  S   for every  𝑡 ∈ 𝐼𝑚(𝜇𝐴) ∩ 𝐼𝑚(𝑣𝐴). 
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Proof : 

    Let  𝑡 ∈ 𝐼𝑚(𝜇𝐴) ∩ 𝐼𝑚(𝑣𝐴). Then, 𝑈(𝜇𝐴; 𝑡)  and  𝐿(𝑣𝐴; 𝑡) are interior ideals of   

S . Let  𝑓 ∈ 𝐴𝑢𝑡(𝑆)   and   𝑥 ∈ 𝑈(𝜇𝐴; 𝑡). Then, 𝜇𝐴(𝑥) ≥ 𝑡  and so  𝜇𝐴(𝑓(𝑥)) ≥ 𝑡.   

Hence, 𝑓(𝑥) ∈ 𝑈(𝜇𝐴; 𝑡). This implies that  𝑓(𝑈(𝜇𝐴; 𝑡) ⊂ 𝑈(𝜇𝐴; 𝑡). Again, let  𝑥 ∈

𝑈(𝜇𝐴; 𝑡)  and 𝑦 ∈ 𝑆   such that  𝑓(𝑦) = 𝑥. Then, 𝜇𝐴(𝑦) = 𝜇𝐴(𝑓(𝑦)) = 𝜇𝐴(𝑥) ≥ 𝑡, 

so  𝑦 ∈ 𝑈(𝜇𝐴; 𝑡). Consequently, 𝑓(𝑦) ∈ 𝑓(𝑈(𝜇𝐴; 𝑡)), whence  𝑥 ∈ 𝑓(𝑈(𝜇𝐴; 𝑡). 

Hence,                𝑈(𝜇𝐴; 𝑡) ⊂ 𝑓(𝑈(𝜇𝐴; 𝑡)). So, we have  𝑈(𝜇𝐴; 𝑡) = 𝑓(𝑈(𝜇𝐴; 𝑡)).  

Hence, 𝑈(𝜇𝐴; 𝑡) is a characteristic interior ideal of   S . By using similar 

argument we can show that  𝐿(𝑣𝐴; 𝑡) is characteristic interior ideal of  S .                                                                                                           

█  

 

Theorem 3.2.5: 

    If   𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy subset of  S  such that the non-

empty sets   𝑈(𝜇𝐴; 𝑡) and  𝐿(𝑣𝐴; 𝑡) are characteristic interior ideals of  S   for all  

𝑡 ∈ [0, 1]. Then,  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy characteristic interior 

ideal of  S . 

 

Proof : 



    Let  𝑈(𝜇𝐴; 𝑡)  and  𝐿(𝑣𝐴; 𝑡)  are  characteristic interior ideals of  S  for all  𝑡 ∈

[0, 1]. Let  𝑓 ∈ 𝐴𝑢𝑡(𝑆),  𝑥 ∈ 𝑆  and   𝜇𝐴(𝑥) ≔ 𝑡0  and  𝑣𝐴(𝑥) ≔ 𝑡1. Then, 𝑥 ∈

𝑈(𝜇𝐴; 𝑡0)  and  𝑥 ∈ 𝐿(𝑣𝐴; 𝑡1). Since, by hypothesis,  𝑈(𝜇𝐴; 𝑡0) = 𝑓(𝑈(𝜇𝐴; 𝑡0))  

and   𝐿(𝑣𝐴; 𝑡1) = 𝑓(𝐿(𝑣𝐴; 𝑡1)), so we see that  𝑓(𝑥) ∈ 𝑈(𝜇𝐴; 𝑡0)  and   𝑓(𝑥) ∈

𝐿(𝑣𝐴; 𝑡1). Hence, 𝜇𝐴(𝑓(𝑥)) ≥ 𝑡0  and   𝑣𝐴(𝑓(𝑥)) ≤ 𝑡1. Let  𝑡2 = 𝜇𝐴(𝑓(𝑥))  and  

𝑡3 = 𝑣𝐴(𝑓(𝑥)). Then, 𝑡2 ≥ 𝑡0  and  𝑡3 ≤ 𝑡1  and   𝑓(𝑥) ∈ 𝑈(𝜇𝐴; 𝑡2) =

𝑓(𝑈(𝜇𝐴; 𝑡2)), 𝑓(𝑥) ∈ 𝐿(𝑣𝐴; 𝑡3) = 𝑓(𝐿(𝑣𝐴; 𝑡3)).  

Chapter Three: Intuitionistic Fuzzy Interior Ideals Of Γ-Semigroups 

 

Since  𝑓  is  one-one, we have  𝑥 ∈ 𝑈(𝜇𝐴; 𝑡2)  and   𝑥 ∈ 𝐿(𝑣𝐴; 𝑡3). This implies 

that  𝜇𝐴(𝑥) ≥ 𝑡2 and  𝑣𝐴(𝑥) ≤ 𝑡3. Hence, 𝑡0 ≥ 𝑡2  and   𝑡1 ≤ 𝑡3. Thus, we obtain  

𝜇𝐴(𝑓(𝑥)) = 𝜇𝐴(𝑥)  and   𝑣𝐴(𝑓(𝑥)) = 𝑣𝐴(𝑥). Hence, 𝐴 = (𝜇𝐴, 𝑣𝐴) is an 

intuitionistic fuzzy characteristic interior ideal  

of  S .                                                                                                             █   

 

Corollary 3.2.4: 

    Let  𝜒𝐼 be the characteristic function of a characteristic interior ideal  I  of  S . 

Then,  𝐼 = (𝜒𝐼 , 𝜒𝐼
𝑐) is an intuitionistic fuzzy characteristic interior ideal of  S . 

 

Theorem 3.2.6: 

    A  Γ-semigroup is simple if and if only if every ituitionistic fuzzy interior 

ideal of  S   is constant. 

 

Proof : 

    Let  S   be a simple Г-semigroup and  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy 

interior ideal of  S . Let  𝑎, 𝑏 ∈ 𝑆. Since  S   is simple, each for  < 𝑎 >  and  <

𝑏 >, the principal ideals generated by  𝑎  and  𝑏 , respectively, is equal to  S . 



Hence, there exist  𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑆  and  𝛼, 𝛽, 𝛾, 𝛿 ∈ Г such that  𝑎 = 𝑥𝛼𝑏𝛽𝑦  and  

𝑏 = 𝑢𝛾𝑎𝛿𝑣. 

    Since  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is an intuitionistic fuzzy interior ideal of  S , so we have  

𝜇𝐴(𝑥𝛼𝑏𝛽𝑦) ≥ 𝜇𝐴(𝑏), 𝜇𝐴(𝑢𝛾𝑎𝛿𝑣) ≥ 𝜇𝐴(𝑎) and 𝑣𝐴(𝑥𝛼𝑏𝛽𝑦) ≤

𝑣𝐴(𝑏), 𝑣𝐴(𝑢𝛾𝑎𝛿𝑣) ≤ 𝑣𝐴(𝑎). Thus, we see that  𝜇𝐴(𝑎) ≥ 𝜇𝐴(𝑏), 𝜇𝐴(𝑏) ≥ 𝜇𝐴(𝑎) 

and  𝑣𝐴(𝑎) ≤ 𝑣𝐴(𝑏), 𝑣𝐴(𝑏) ≤ 𝑣𝐴(𝑎). Hence  𝜇𝐴(𝑎) = 𝜇𝐴(𝑏) and  𝑣𝐴(𝑎) = 𝑣𝐴(𝑏). 

Consequently, 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is constant. 

   

Chapter Three: Intuitionistic Fuzzy Interior Ideals Of Γ-Semigroups 

    

Conversely, suppose that every intuitionistic fuzzy interior ideal of  S is 

constant. Let  𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ be an intuitionistic fuzzy ideal of  S . Then, by 

Proposition 2.3, 𝐴 = ⟨𝜇𝐴𝑣𝐴⟩ is an intuitionistic fuzzy interior  ideal of  S . 

Hence, by hypothesis 𝐴 = ⟨𝜇𝐴, 𝑣𝐴⟩ is constant. Thus,  S  is intuitionistic fuzzy 

simple.  Therefore, by lemma 2.3, S   is a simple  Г-semigroup.                                                                                                   

█ 
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  A × B = {  ( a ,   b ) : a ∈ A ,   b ∈ B }


  a R b


  ( a ,   b ) ∈ R  


  ( a ,   a ) ∈ R


  a ∈ S


    ( a ,   a ) ∉ R


  a ∈ S


  ( a ,   a ) ∉ R  


  a ∈ S


  ( a ,   b ) ∈ R


    ( b ,   a ) ∈ R


  a ,   b ∈ S


  ( a ,   b ) ∈ R


  ( b ,   a ) ∈ R  


  a = b


  a ,   b ∈ S


  ( a ,   b ) ∈ R


  ( b ,   c ) ∈ R


  ( a ,   c ) ∈ R


  a ,   b ,   c ∈ S


  a ∈ S


  [ a ]


    R  a


  x ∈ S : x R a


  a ∈ S


  [ a ] ≠ ∅


  b ∈ [ a ]


   [ b ] = [ a ]


  a ,   b ∈ S


   [ a ] = [ b ]


   [ a ] ∩  [ b ] = ∅


  S =   ⋃  a ∈ S   [ a ]  


    R 1 ,   R 2 ,     R 3


    R 1


    R 2


    R 3


    ⋂  i = 1 3    R  i =  {  ( 2 ,   2 ) ,    ( 3 ,   3 ) ,    ( 4 ,   4 ) ,  ( 5 ,   5 ) ,    ( 2 ,   5 ) ,    ( 5 ,   2 ) } .  


    ⋃  i = 1 3    R  i = {  ( 2 ,   2 ) ,    ( 2 ,   3 ) ,    ( 2 ,   4 ) ,    ( 2 ,   5 ) ,    ( 3 ,   2 ) , ( 3 ,   3 )


    ⋂  i = 1 3    R  i


  ∈   ⋃  i = 1 3    R  i   ,


  ∉   ⋃  i = 1 3    R  i   .


    a ,   b ∈ S


  a ∗ b   i n s t e a d   o f   ∗ ( a ,   b )


  a ∗ b = b ∗ a


  a ,   b ∈ S


   ( a ∗ b ) ∗ c = a ∗ ( b ∗ c )


  a ,   b ,   c ∈ S


   ℤ +


   ℤ +


  a ∗ b = b ∗ a


  a ,   b ∈ S


  e ∈ S


  a ∗ e = e ∗ a     ∀ a ∈ S


    M  2 × 2


   {  (    a  b   c  d )


  : a ,   b ,   c ,   d ∈ Z   }


    M  2 × 2


  a ∈ S


    a 2 = a


    Z 12


  A B = { a b : a ∈ A ,   b ∈ B   }


    A 2 ⊆ A


   (    a  0   0  b y 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ) : a , b ∈ ℤ   }


    M  2 × 2  ( ℤ )


    Z 12


    A  i : i ∈ I   }


  T =   ⋂  i ∈ I    A  i


  T ≠ ∅


  A S ⊆ A


  S A ⊆ A


    M 2 ( S )


    M 2 ( S )


   [    x  0   y  0 ] : x ,   y ∈ S   } ,


   [    x  y   0  0 ] : x ,   y ∈ S   } .


    M 2 ( S )


    M 2 ( S )


   ℤ 8


  S A ⊆ A


  A S ⊆ A


  A A ⊆ A


  A ⊆ S


  A ∩ B ≠ ∅


  A ∩ B


  a ∈ A ∩ B


  s ∈ S


  s a ∈ A


  s a ∈ B ,


  s a ∈ A ∩ B


   ( A ∩ B ) S ⊆ ( A ∩ B )


  S A S ⊆ A


   ( ∀   a ∈ S )  ( ∃   x ∈ S ) ( a =   a  m   x a  n )


    a 0


    a 0 x =   x a 0 = x


   ( ∀   a ∈ S )  ( ∃ x ∈ S ) ( a = a x a   ,   a x = x a )


   ( ∀   a ∈ S )  ( ∃ x ,   y ∈ S ) ( a =   x a 2 y )


  x y =  {    x             i f         x = y   0             o t h e r w i s e


    x 2 = x


  x ∈ S


    A  m S   A  n ⊆ A


    A 0


    A 0 S = S   A 0 = S


   1 2  


   1 4


    A  i : i ∈ I  


    ⋂  i ∈ I    A  i


    ⋂  i ∈ I    A  i ≠ ∅  


  A =   ⋂  i ∈ I    A  i


  x ∈ A S A


  x = a s b  


  a ,   b ∈ A  


  s ∈ S


  x = a s a ∈   A  i


  i ∈ I


  a ,   b ∈   A  i


    A  i


  x ∈ A S A ⊆   A  i


  x ∈   A  i


  i


  x ∈   A  i


  i ∈ I


  x ∈ A


  A S A ⊆ A


  A =   ⋂  i ∈ I    A  i


  A ∩ T


  A ∩ T


  ( A ∩ T  )  m T ( A ∩ T  )  n ⊆   A  m S   A  n ⊆ A


  ( A ∩ T  )  m T ( A ∩ T  )  n ⊆   T  m T   T  n ⊆ T


  ( A ∩ T  )  m T ( A ∩ T  )  n ⊆ A ∩ T


  A ∩ T


  a ∈ a S a


    A 2 ⊆ P


  A ⊆ P   .


  ∀ x ,   y ∈ S ,   ∀ 𝛾 ∈ 𝛤


  S =   M  m × n ( ℝ )


    A  m , n   𝛼  n , m   B  m , n


   (   A  m , n   𝛼  n , m   B  m , n )   𝛽  n , m   C  m , n =   A  m , n   𝛼  n , m (   B  m , n   𝛽  n , m   C  m , n )


    A  m , n


    B  m , n ,     C  m , n ∈ S


    𝛼  n , m ,   𝛽  n , m ∈   Г


  ( a ,   𝛼 ,   b ) → a 𝛼 b


  ( 𝛼 ,   a ,   𝛽 ) → 𝛼 a 𝛽


   ( a 𝛼 b ) 𝛽 c = a  ( 𝛼 b 𝛽 ) c = a 𝛼  ( b 𝛽 c )


  𝛼  ( a 𝛽 b ) 𝛾 =  ( 𝛼 a 𝛽 ) b 𝛾 = 𝛼 a ( 𝛽 b 𝛾 )


    ∈


  𝛼 ,   𝛽 ,   𝛾 ∈


  a 𝛼 b


  𝛼 a 𝛽


  a ,   b ∈ S


  𝛼 ,   𝛽 ∈


  a 𝛼 b = a + 𝛼 + b


  𝛼 a 𝛽 = 𝛼 + a + 𝛽


  a ,   b ∈ S


  𝛼 ,   𝛽 ∈  


  Φ  ( x 𝛾 y ) = Φ  ( x ) 𝛾   Φ ( y )


  x ,   y ∈ S


  𝛾 ∈ 𝛤


  a 𝛾 b = b 𝛾 a


  a ,   b ∈ S


  𝛾 ∈


  a 𝛾 b ∈ A


  a ,   b ∈ A


  𝛾 ∈


   1  n


   1 2


  a 𝛾 b ∈ A


  a ,   b ∈ A


  𝛾 ∈


  n ∈ ℕ


    A  n


  ( 0 ,    1    n )  


    A  n


  n ∈ ℕ


    A  i


  i ∈ I


    ⋂  i ∈ I    A  i ≠ ∅


    ⋂  i ∈ I    A  i


    A  i


  i ∈ I


    ⋂  i ∈ I    A  i ≠ ∅


  a ,   b ∈   ⋂  i ∈ I    A  i ,     m ∈ S


  𝛼 ,   𝛽 ∈  


  a ,   b ∈   A  i


  i ∈ I .


    A  i


  i ∈ I


  a 𝛼 b ∈   A  i


  a 𝛼 m 𝛽 b ∈   A  i 𝛤 S 𝛤   A  i ⊆   A  i  


  i ∈ I


  a 𝛼 b ∈   ⋂  i ∈ I    A  i


  a 𝛼 m 𝛽 b ∈   ⋂  i ∈ I    A  i


  i ∈ I .


    ⋂  i ∈ I    A  i


  x ,   y ∈ S ,   x 𝛤 S 𝛤 y ⊆ P ⇒ x ∈ P


  y ∈ P


  x 𝛤 S 𝛤 x ⊆ P ⇒     x ∈ P )


  x ,   y ∈ S ,   x 𝛤 y ⊆ P ⇒ x ∈ P


  y ∈ P


  x 𝛤 x ⊆ P ⇒ x ∈ P )


  x 𝛤 S 𝛤 y ⊆ P


    x  


  < x > 𝛤 < y > 𝛤 < y >


  x > 𝛤 < x > ⊆


  y > 𝛤 < y > ⊆ P


  x > 𝛤 < x > ⊆ P


  y > 𝛤 < y > ⊆ P


  x ∈ < x > ⊆ P


  y ∈ < y > ⊆ P


  x 𝛤 y ⊆ P


  x 𝛤 s 𝛤 y ⊆ P


  x 𝛤 s 𝛤 y ⊆ x 𝛤 y


  x ∈ P  


  y ∈ P


  A 𝛤 B ⊆ P


  A ⊈ P


  B ⊈ P


  x ∈ A


  y ∈ B


  x ∉ P


  y ∉ P


  x 𝛤 y ⊆ P


  x ∉ P


  y ∉ P


  A ⊆ P


  B ⊆ P


  x ∈ S


  x ∈ x Г S Г x


  A ⊆ S


    𝔛  A A                                                             
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 :


    𝔛  A ( x ) =  {    1               i f               x ∈ A   0               i f               x ∉ A


    𝔛  A ( 1 )


     (   𝔛  A ( x ) 2 ) = 1


    𝔛  A  ( 3 ) = 1


    𝔛  A  ( 4 ) = 0


    𝔛  A  ( 5 ) = 0


  𝜇  ( x ) =  {    0                                                                                               x ≤ 8   ( 1 + ( x − 8  )  − 2  )  − 1                           x > 8


  𝜇 =  ∑  𝜇 (   x  i  )    x  i


  𝜇 (   x  i )


        x  i


  𝜇 =  ∫  S     𝜇 ( x )  x


  𝜇 = {  ( x ,   𝜇  ( x ) )   |   𝜇  ( x ) = ( 1 + ( x − 6  ) 2  )  − 1 }


  𝜇  ( x ) = 0     ∀ x ∈ S


  𝜇  ( x ) = 1     ∀ x ∈ S


  s u p p  ( 𝜇 ) = { x ∈ S   :   𝜇 ( x ) > 0 }


  s u p p  ( 𝜇 ) = { 0 ,   1 ,   2 ,   4 ,   5 }


  s u p p ( 𝜇 )


      t ∈ [ 0 ,   1 ]


    𝜇  t = { x ∈ S   | 𝜇 ( x ) ≥ t }


    𝜇  s . t =  {  x ∈ S   |  𝜇  ( x ) > t }


    𝜇  0 . 4 =  { x ∈ S : 𝜇  ( x ) ≥ 0 . 4 } = { 0 ,   3 ,   4 }


    𝜇 1 = { x ∈ S : 𝜇 ( x ) ≥ 1 }


    𝜇 1 = ∅


    𝜇  s , 0 . 4 = { 0 ,   4 }


  a ∈ ( 0 ,   1 ]


      a  Y ∈ ℱ P ( S )


    a  Y  ( x ) =  {    a                                   f o r                             x ∈ Y   0                               f o r                       x ∈ S \ Y


    a  { y }


    a  y


  t ∈ [ 0 ,   1 ]


  𝜇  ( x ) =  {    t                                 i f                               x = a   0                                 i f         o t h e r   w i s e


    t  a


  𝜇 , v ∈ ℱ P ( S )


  𝜇   ⊆ v  


  v ⊇ 𝜇


  𝜇  ( x ) ≤ v  ( x )   ∀   x ∈ S .


  𝜇 ⊂ v


  𝜇  ( x ) ≤ v  ( x )   ∀   x ∈ S


  x ∈ S


  𝜇 ( x ) < v ( x )


  𝜇 = v


  𝜇  ( x ) = v  ( x )     ∀   x ∈ S


    s u p  x ∈ S   𝜇 ( x )


  x ∈ S


    𝜇  C


    𝜇 C = 1 − 𝜇


    𝜇  C  


  v


  v


  𝜆 =  ( 𝜇 ∪ v ) =  sup ⁡   { 𝜇 ,   v } = 𝜇   ⋁   v


  v


    v  


  𝜆 =  ( 𝜇 ∩ v ) = i n f  { 𝜇 ,   v } = 𝜇    ⋀  v


  S = { 𝛼 ,   𝛽 ,   𝛾 ,   𝛿 }


  𝜇 = {  ( 𝛼 ,   0 . 1 ) ,    ( 𝛽 ,   0 . 5 ) ,    ( 𝛾 ,   0 . 6 ) ,    ( 𝛿 ,   0 . 3 ) }


  v = {  ( 𝛼 ,   0 . 3 ) ,    ( 𝛽 ,   0 . 4 ) ,    ( 𝛾 ,   0 . 6 ) ,    ( 𝛿 ,   0 . 7 ) }


   (   𝜇 ∪ v ) = {  ( 𝛼 ,   0 . 3 ) ,    ( 𝛽 ,   0 . 5 ) ,    ( 𝛾 ,   0 . 6 ) ,    ( 𝛿 ,   0 . 7 ) }


   ( 𝜇 ∩ v ) = {  ( 𝛼 ,   0 . 1 ) ,    ( 𝛽 ,   0 . 4 ) ,    ( 𝛾 ,   0 . 6 ) ,    ( 𝛿 ,   0 . 3 ) }


  ( 𝜇 ∪ v  )  t =  {    S                                     0 . 1 ≤ t ≤ 0 . 3       { 𝛽 ,   𝛾 ,   𝛿 }                 0 . 3 < t ≤ 0 . 5       { 𝛾 ,   𝛿 }                           0 . 5 < t ≤ 0 . 6    { 𝛿 }                                   0 . 6 < t ≤ 0 . 7   ∅                                         0 . 7 < t ≤ 0 . 9


  ( 𝜇 ∩ v  )  t =  {       S                                                           
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                           
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
     0 ≤ t ≤ 0 . 1           { 𝛽 ,   𝛾 ,   𝛿 }                   0 . 1 < t ≤ 0 . 3    { 𝛽 ,   𝛾 }                           0 . 3 < t ≤ 0 . 4    {   𝛾 }                                   0 . 4 < t ≤ 0 . 6   ∅                                           0 . 6 < t ≤ 0 . 9


  {   A  i  }  i ∈ I


   ∪  i   A  i )  ( x ) =  ⋁  i   A  i  ( x ) =   s u p  i   A  i ( x )


   ∩  i   A  i )  ( x ) =  ⋀  i   A  i ( x ) =   i n f  i   A  i ( x )


  A  ( x ) =  1    1 + ( x − 3 ) 2   , x ∈ S


  B  ( x ) =  1  1 +   ( x − 5 ) 2 , x ∈ S


  ( A ∪ B ) ( x ) =  {     1  1 + (   x − 3 ) 2       , x ≤ 4    1  1 + (   x − 5 ) 2       , x ≥ 4


   ( A ∩ B ) ( x ) =  {     1  1 + (   x − 5 ) 2     , x ≤ 4    1  1 + (   x − 3 ) 2       , x ≥ 4


  v


  v


  𝜇 − v


   ( 𝜇 − v )  ( x ) = 𝜇  ( x ) − v ( x )


  𝜇 ≥ v  


  v


  𝜇 + v )  ( x ) = 𝜇  ( x ) + v ( x )


  𝜇  ( x ) + v ( x ) ≤ 1


  v


    𝜇  ( x ) =  {    0 . 7                 i f                 x = 1 ,   2   0 . 5                 i f                 x = 3 ,   4


  v  ( x ) =  {    0 . 3                 i f                 x = 1 ,   2   0 . 4                 i f                 x = 3 ,   4


   ( 𝜇 + v )  ( x ) =  {    1                   i f                 x = 1 ,   2   0 . 9             i f                 x = 3 ,   4


   ( 𝜇 − v )  ( x ) =  {    0 . 4             i f                 x = 1 ,   2   0 . 1             i f                 x =   3 ,   4


  v


   ( 𝜇 v )  ( x ) = 𝜇  ( x ) v ( x )


  v


   ( 𝜇 ⊕ v )  ( x ) = 𝜇  ( x ) + v  ( x ) − 𝜇  ( x ) v  ( x ) .


  𝜇 ,   v


  𝜇  ( x ) =  {    0 . 3                 i f             x = 1 , 2   0 . 4                 i f             x = 3 , 4


  v ( x ) =  {    0 . 5               i f               x = 1 ,   2   0 . 3               i f               x = 3 ,   4


  ( 𝜇 v )  ( x ) =  {    0 . 15                     i f             x = 1 ,   2   0 . 12                 i f                 x = 3 ,   4


    ( 𝜇 ⊕ v )  ( x ) =  ( 𝜇 + v ) − 𝜇 v =  {    0 . 65                 i f               x = 1 ,   2   0 . 58                 i f               x = 3 ,   4


  ∈ ℱ P ( X )


  v ∈ ℱ P ( Y )


  ∈ ℱ P  ( Y )


    f  − 1


  v ) ∈ ℱ P ( X )


  ∀


  y   ∈ Y


  f  ( 𝜇 ) =  {     sup ⁡   {  𝜇  ( x ) |  x ∈ X , f  ( x ) = y }                   i f             f  − 1 ( y ) ≠ ∅   0                                                                                                                                   o t h e r   w i s e


    ∀   x ∈  


    f  − 1  ( v )  ( x ) = v  ( f  ( x ) ) ,   f  − 1 ( v )


  v


    𝜇  i   ∈ ℱ P  ( X S                                         
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ) ,   i ∈ I ,   f (   ⋃  i ∈ I      𝜇  i ) =   ⋃  i ∈ I  f (   𝜇  i )


                𝜇 1 ⊆  μ 2 ⇒ ƒ  (  μ 1 ) ⊆ ƒ  (  μ 2 )   ∀    μ 1 ,  μ 2 ∈ ℱ P  ( X ) .


    v  j   ∈ ℱ P ( Y ) ,   j ∈ J


                  f  − 1 (   ⋃  j ∈ J    v  i ) =   ⋃  j ∈ J    f  − 1 (   v  j )


      f  − 1  (  ∩  j ∈ J   v  j ) =  ∩  j ∈ J   f  − 1  (   v  j ) .


    v 1 ⊆   v 2 ⇒ f  (   v 1 ) ⊆ f  (   v 2 ) ∀     v 1 ,   v 2 ∈ ℱ P  ( Y ) .


            f  − 1 ( f  ( 𝜇 ) ) ⊇ 𝜇   ∀ 𝜇 ∈ ℱ P ( X )


        f  − 1  ( f  ( 𝜇 ) ) = 𝜇     ∀     𝜇 ∈ ℱ P  ( X )


  f  (   f  − 1  ( v ) ) ⊆ v   ∀     v ∈ ℱ P  ( Y ) ,


        f  (   f  − 1  ( v ) ) = v     ∀     v ∈ ℱ P  ( Y ) .


    f  ( 𝜇 ) ⊆ v ⇔ 𝜇 ⊆   f  − 1  ( v )   ∀     𝜇 ∈ ℱ P  ( X )


  ∀   v   ∈ ℱ P  ( Y ) .


  f ( 𝜇 ) ) = ( g ∘ f ) ( 𝜇 )     ∀       𝜇 ∈ ℱ P ( X ) .


    A ∪ A  c = S  


  A ∩   A  c = Ø .


  S = { { 1 ,   2 ,   𝛼 ,   𝛽 ,   𝛿 } 3 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



  A = {  ( 𝛼 ,   1 ) ,    ( 𝛽 ,   0 . 4 ) ,    ( 𝛿 ,   0 . 7 ) }


    A  c =  {  ( 𝛼 ,   0 ) ,    ( 𝛽 ,     0 . 6 ) ,    ( 𝛿 , 0 . 3   ) } .


  A ∪   A  c =  {  ( 𝛼 ,   11 ,   0 . 8 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ) ,    ( 𝛽 ,   0 . 6 ) ,    ( 𝛿 , 0 . 7 ) } ≠


  A ∩   A  c =  {  ( 𝛼 ,   0 ) ,    ( 𝛽 ,   0 . 4 ) ,    ( 𝛿 ,   0 . 3 ) }   ≠


    𝜇 1


    X 1


    𝜇 2


    X 2


    𝜇  1  


    𝜇 2


    𝜇 1 ∪     𝜇 2 :   X 1 ∪     X 2 →  [ 0 ,   1 ]


    ( 𝜇 1 ∪   𝜇 2 )  ( x ) =  {     max ⁡   (   𝜇 1  ( x ) ,   𝜇 2  ( x ) )                               i f             x ∈   X 1 ∩   X 2       𝜇 1  ( x )                                                             i f           x ∈   X 1 ∖   X 1 ∩   X 2     𝜇 2  ( x )                                                             i f             x ∈   X 2 ∖   X 1 ∩   X 2


    X 1


    X 2


    𝜇 1 :   X 1 → [ 0 ,   1 ]


    𝜇 1  ( x ) =  {    0                                       i f                             x = 0 ,   1   0 . 2                                   i f                               x = 2               0 . 7                                 i f                             x = 3 ,   4        


    𝜇 2  ( x ) =  {    1                           i f         x = 1 ,   3   0 . 5                       i f           x = 5               0 . 3                     i f                 x = 7 ,   9


    𝜇 1


    𝜇 2


    ( 𝜇 1 ∪   𝜇 2 )  ( x ) =  {       0                     i f                         x = 0   0 . 2             i f                             x = 2      1                   i f                       x = 1 ,   3   0 . 5             i f                               x = 5      0 . 7             i f                               x = 4   0 . 3               i f                       x = 7 ,   9


  ⟨ x ,     𝜇  A  ( x ) ,   v  A ( x ) ⟩ | x ∈ S }


  ⟨   𝜇  A ,   v  A ⟩ .


    𝜇  A : S → [ 0 ,   1 ]


    v  A : S →  [ 0 ,   1 ]


  x ∈ S ,     0 ≤   𝜇  A  ( x ) +   v  A ( x ) ≤ 1 .


    𝜋  A  ( x ) = 1 −   𝜇  A ( x ) −   v  A ( x )


    𝜋  A ( x )


  x ∈ S


    𝜋  A  ( x ) ∈  [ 0 ,   1 ]   ∀   x ∈ S


    𝜋  A  ( x ) = 0     ∀   x ∈ S .


  A = ⟨   𝜇  A ,   v  A ⟩


  B = ⟨   𝜇  B ,   v  B ⟩


  A ⊂ B ⇔   𝜇  A  ( x ) ≤   𝜇  B  ( x )


    v  A  ( x ) ≥   v  B  ( x ) ,   ∀   x ∈ S .


  A = B ⇔ A ⊂ B   &   B ⊂ A


    A - = ⟨   v  A ,   𝜇  A ⟩


      A ∩ B = ⟨  min ⁡   (   𝜇  A ,     𝜇  B ) ,  max ⁡   (   v  A ,     v  B ) ⟩ = ⟨   𝜇  A  ⋀    𝜇  B ,   v  A  ⋁    v  B ⟩


  A ∪ B = ⟨  max ⁡   (   𝜇  A ,   𝜇  B ) ,  min ⁡   (   v  A ,   v  B ) ⟩   = ⟨   𝜇  A  ⋁    𝜇  B ,   v  A  ⋀    v  B ⟩


  A + B = ⟨   𝜇  A +   𝜇  B −   𝜇  A .   𝜇  B ,     v  A .   v  B ⟩


  A   . B =   ⟨   𝜇  A .   𝜇  B ,     v  A +   v  B −   v  A .   v  B ⟩


  C  ( A ) = { ⟨ x ,   K ,   L ⟩ | x ∈ S }


  K = m a   x  x ∈ S   𝜇  A ( x )


  L = m i   n  x ∈ S   v  A ( x )


  I  ( A ) =  { ⟨ x ,     K ∗ ,     L ∗ ⟩ } | x ∈ S }


    K ∗ = m i   n  x ∈ S   𝜇  A ( x )


    L ∗ = m a   x  x ∈ S   v  A ( x )


  ⟨   𝜇  A , 1 −   𝜇  A ⟩


  ⟨ 1 −   v  A ,   v  A ⟩


  S = {   a 1 ,   a 2 ,   a 3 ,   a 4 ,   a 5 }


  A = { ⟨   a 1 , 0 . 4 ,   0 . 6 ⟩ ,     ⟨ a 2 ,   0 . 3 ,   0 . 7 ⟩ ,     ⟨ a 3 ,   1 ,   0 ⟩ ,     ⟨ a 4 ,   0 . 8 ,   0 . 1 ⟩ ,   ⟨   a 5 ,   0 . 5 ,   0 . 4 ⟩ }


  B = { ⟨   a 1 ,   0 . 4 ,   0 . 4 ⟩ ,   ⟨   a 2 ,   0 . 5 ,   0 . 2 ⟩ ,   ⟨   a 3 ,   0 . 6 ,   0 . 2 ⟩ ,   ⟨   a 4 ,   0 . 1 ,   0 . 7 ⟩   ,   ⟨   a 5 ,   0 ,   1 ⟩ }


    A - = { ⟨   a 1 ,   0 . 6 ,   0 . 4 ⟩ ,   ⟨   a 2 ,   0 . 7 ,   0 . 3 ⟩ ,     ⟨ a 3 ,   0 ,   1 ⟩ ,     ⟨ a 4 ,   0 . 1 ,   0 . 8 ⟩   , ⟨   a 5 ,   0 . 4 ,   0 . 5 ⟩ }


    B - = { ⟨   a 1 ,   0 . 4 ,   0 . 4 ⟩ ,     ⟨ a 2 ,   0 . 2 ,   0 . 5 ⟩ ,     ⟨ a 3 ,   0 . 2 ,   0 . 6 ⟩ ,     ⟨ a 4 ,   0 . 7 ,   0 . 1 ⟩   ,     ⟨ a 5 ,   1 ,   0 ⟩ }


  A ∩ B = {  ⟨   a 1 , 0 . 4 ,   0 . 6 ⟩ ,    ⟨   a 2 ,   0 . 3 ,   0 . 7 ⟩ ,    ⟨   a 3 ,   0 . 6 ,   0 . 2 ⟩ }


      A ∪ B = { ⟨   a 1 ,   0 . 4 ,   0 . 4 ⟩ ,     ⟨ a 2 ,   0 . 5 ,   0 . 2 ⟩ ,     ⟨ a 3 ,   1 ,   0 ⟩ ,


                                        ⟨ a 4 ,   0 . 8 ,   0 . 1 ⟩ , ⟨   a 5 ,   0 . 5 ,   0 . 4 ⟩ }


  A + B = { ⟨   a 1 ,   0 . 64 ,   0 . 24 ⟩ ,     ⟨ a 2 ,   0 . 65 ,   0 . 14 ⟩ ,     ⟨ a 3 ,   1 ,   0 ⟩ ,  


                                        ⟨   a 4 ,   0 . 82 ,   0 . 07 ,   ⟨   a 5 ,   0 . 5 ,   0 . 4 ⟩ }


  A . B


  { ⟨   a 1 ,   0 . 16 ,   0 . 76 ⟩ ,     ⟨ a 2 ,   0 . 15 ,   0 . 76 ⟩ ,     ⟨ a 3 ,   0 . 6 ,   0 . 2 ⟩ ,   ⟨   a 4 ,   0 . 08 ,   0 . 73 ⟩ ,  


                            ⟨   a 5 ,   0 ,   1 ⟩ }


    □ A = { ⟨   a 1 ,   0 . 4 ,   0 . 6 ⟩ ,     ⟨ a 2 ,   0 . 3 ,   0 . 7 ⟩ ,     ⟨ a 3 ,   1 ,   0 ⟩ ,     ⟨ a 4 ,   0 . 8 ,   0 . 2 ⟩ ,                          


                              ⟨   a 5 ,   0 . 5 ,   0 . 5 ⟩ }


  □ B = { ⟨   a 1 ,   0 . 4 ,   0 . 6 ⟩ ,     ⟨ a 2 ,   0 . 5 ,   0 . 5 ⟩ ,     ⟨ a 3 ,   0 . 6 ,   0 . 4 ⟩   ,     ⟨ a 4 ,   0 . 1 ,   0 . 9 ⟩ ,     ⟨ a 5 ,   0 ,   1 ⟩ }


  ◊ A = { ⟨   a 1 ,   0 . 4 ,   0 . 6 ⟩ ,     ⟨ a 2 ,   0 . 3 ,   0 . 7 ⟩ ,     a 3 ,   1 ,   0 ⟩ ,     ⟨ a 4 ,   0 . 9 ,   0 . 1 ⟩   ,     ⟨ a 5 ,   0 . 6 ,   0 . 4 ⟩ }


  ◊ B = { ⟨   a 1 ,   0 . 6 ,   0 . 4 ⟩ ,     ⟨ a 2 ,   0 . 8 ,   0 . 2 ⟩ ,     ⟨ a 3 ,   0 . 8 ,   0 . 2 ⟩   ,     ⟨ a 4 ,   0 . 3 ,   0 . 7 ⟩ ,     ⟨ a 5 ,   0 ,   1 ⟩ }


  C  ( A ) = { ⟨   a 3 ,   1 ,   0 ⟩ }


  C  ( B ) = { ⟨   a 3 ,   0 . 6 ,   0 . 2 ⟩ }


  I  ( A ) = { ⟨   a 2 ,   0 . 3 ,   0 . 7 ⟩ }


  I  ( B ) = { ⟨   a 5 ,   0 ,   1 ⟩ }


  □ A =   ◊   A - -


  ◊ A =   □   A - -


    □ A ⊂ A ⊂   ◊ A


    ◊ A . ◊ B -


    ◊ A + ◊ B -


    A ∩ B =    { ⟨ x ,   m i n  (   𝜇  A  ( x ) ,     𝜇  B  ( x ) )  , ⁡  m a x  (   v  A  ( x ) ,   v  B  ( x ) ) ⟩ | ⟩ x ∈ S }


  = { ⟨ x ,   m i n (   𝜇  A ( x ) ,   𝜇  B ( x ) ) ⟩ | x ∈ S }


  =  {   ⟨ x ,     𝜇  A  ( x ) ⟩ |  x ∈ S } ∩ {  ⟨ x ,   𝜇  B  ( x ) ⟩ | x ∈ S }


  = □ A ∩ □ B


  ◊  ( A . B ) = ◊  {  ⟨ x ,     𝜇  A  ( x ) .   𝜇  B  ( x ) ,   v  A  ( x ) +   v  B  ( x ) −   v  A  ( x ) .   v  B  ( x ) ⟩ |


                  x ∈ S }


  = { ⟨ x , 1 −   v  A ( x ) −   v  B ( x ) +   v  A ( x ) .   v  B ( x ) ⟩ | x ∈ S }


  =   { ⟨ x ,     v  A ( x ) +   v  B ( x ) −   v  A ( x ) .   v  B ( x ) ⟩ | x ∈ S } -


  =    {   ⟨ x ,   v  A ( x ) ⟩ |  x ∈ S } + { ⟨ x ,   v  B ( x ) ⟩ | x ∈ S } -


  =   ◊ A + ◊ B -


  A  ⊂ □ B  


    ∀   x ∈ S ) (   𝜇  A  ( x ) ≤   𝜇  B  ( x ) ) ,


  A  ⊂ ◊ B  


  ∀   x ∈ S )  (   v  A  ( x ) ≥   v  B  ( x ) ) .


  A  ⊂ □   B


  A  ⊂ ◊   B


  A  ⊂   □ B , i . e .  (   ∀ x ∈ S )  (   𝜇  A  ( x ) ≤   𝜇  B  ( x ) ) .


  ∀ x ∈ S )  (   𝜇  A  ( x ) ≤   𝜇  B  ( x ) ,   i . e . A  ⊂   □ B ) .


  A    ⊂ □ B   &   A  ⊂ ◊ B  


  A  ⊂ □ B   &   A □   B ,


  A  ⊂ ◊ B   &   B □ A


  A  ⊂ □ B   &   A  ⊂ ◊ B


   (   ∀ x ∈ S )  (   𝜇  A ( x ) ≤   𝜇  B ( x ) )   &    (   ∀ x ∈ S )  (   v  A ( x ) ≥   v  B ( x ) )


   (   ∀ x ∈ S )  (   𝜇  A ( x ) ≤   𝜇  B ( x )   &       v  A ( x ) ≥   v  B ( x ) )


  A ⊂ B


   (   ∀ x ∈ S )  (   𝜇  A  ( x ) ≤   𝜇  B    ( x ) &       v  A  ( x ) ≥   v  B  ( x ) ) ,


  i . e . A  ⊂ □ B   &   A  ⊂ ◊ B


   0 ¯


   0 ¯


   0 ¯


    I (   A - ) -


   ⟨   x 1 ,   𝜇  A  (   x 1 ) ,   v  A  (   x 1 ) ⟩  |   x 1 ∈   X 1 } ,


    B = { ⟨   x 2 ,   𝜇  A  (   x 2 ) ,   v  A  (   x 2 ) ⟩ |         x 2 ∈   X 2 }


  A × B


    x 1 ,   x 2 ⟩ ,   𝜇  A  (   x 1 ) .   𝜇  B  (   x 2 ) ,   v  A  (   x 1 ) .   v  B  (   x 2 ) ⟩ |     x 1 ∈   X 1 ,   x 2 ∈   X 2 }


  0 ≤   𝜇  A  (   x 1 ) .   𝜇  B  (   x 2 ) +   v  A  (   x 1 ) .   v  B  (   x 2 ) ≤   𝜇  A  (   x 1 ) +   v  A (   x 1 ) ≤ 1


    X 1 ,   X 2 ,   X 3


    X 1 )


    X 2 )


    X 3 ) .


  x ,   𝜇  A  ( x ) +   𝜇  B  ( x ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) ,   v  A  ( x ) .   v  B  ( x )  | x ∈ X } × C


  x , y ⟩ ,  (   𝜇  A  ( x ) +   𝜇  B  ( x ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) ) .   𝜇  C  ( y ) ,   v  A  ( x ) .   v  B  ( x ) .   v  C  ( y ) ⟩


  x ∈   X 1 , y ∈   X 2 }


              𝜇  A  ( x ) .   𝜇  C  ( y ) +   𝜇  B  ( x ) .   𝜇  C  ( y ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) .   𝜇  C  ( y ) ≤                                                                           𝜇  A  ( x ) .   𝜇  C  ( y ) +   𝜇  B  ( x ) .   𝜇  C  ( y ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) .   𝜇  C (   y ) 2


    v  A  ( x ) .   v  B  ( x ) .   v  C  ( y ) ≥   v  A  ( x ) .   v  B  ( x ) .   v  C (   y ) 2 ,


   ( A + B ) × C ⊂   { ⟨  ⟨ x , y ⟩ ,   𝜇  A  ( x ) .   𝜇  C  ( y ) +   𝜇  B  ( x ) .   𝜇  C  ( x ) −   𝜇  A  ( x ) .   𝜇  B  ( x ) .   𝜇  C (   y ) 2 ,   v  A  ( x ) .   v  B  ( x ) .   v  C (   y ) 2 ⟩ | x ∈   X 1 , y ∈   X 2 }


  { ⟨  ⟨ x , y ⟩ ,   𝜇  A  ( x ) .   𝜇  C  ( y ) ,   v  A  ( x ) .   v  C ( y ) ⟩ | x ∈   X 1 , y ∈   X 2 }


  { ⟨  ⟨ x , y ⟩ ,   𝜇  B  ( x ) .   𝜇  C  ( y ) ,   v  B  ( x ) .   v  C ( y ) | x ∈   X 1 , y ∈   X 2 }


    X 1


    X 2


    □ ( A × B ) =


      □ { ⟨  ⟨ x , y ⟩     , 𝜇  A  ( x ) , 𝜇  B  ( y ) ,   v  A  ( x ) .   v  B ( y ) ⟩ | x ∈   X 1 , y ∈   X 2 }


  =  {  ⟨  ⟨ x , y ⟩ ,   𝜇  A  ( x ) .   𝜇  B  ( y ) , 1 −   𝜇  B  ( x ) .   𝜇  B  ( t ) ⟩ | x ∈   X 1 , y ∈   X 2 }


  ⊂ { ⟨ x , y ⟩ ,     𝜇  A  ( x ) .   𝜇  B  ( x ) ,  ( 1 −   𝜇  A  ( x ) ) .    ( 1 −   𝜇  B  ( y ) ) | x ∈       X 1   , y ∈   X 2 }


  = { ⟨ x ,   𝜇  A  ( x ) , 1 −   𝜇  A ( x ) ⟩ | x ∈   X 1 }


  ⟨ y ,   𝜇  B  ( y ) , 1 −   𝜇  B  ( y ) ⟩ | y ∈   X 2 }


    ( A  C  )  C = A


  (   A -  )  C =   (   A  C ) -


  ( A ∪ B  )  C =   A  C ∩   B  C


  ( A ∩ B  )  C =   A  C ∪   B  C


    A  C ∪   B  C =  { ⟨ x ,   𝜇  A  C ( x ) ,   v  A  C ( x ) ⟩ | x ∈ S } ∪  { ⟨ x ,   𝜇  B  C  ( x ) ,   v  B  C  ( x ) ⟩ | x ∈ S }


    = { ⟨ x ,   𝜇  A  C ( x )  ⋁    𝜇  B  C ( x ) ,   v  A  C ( x )  ⋀    v  A  C  ( x ) | x ∈ S }


  = {  ⟨ x ,   𝜇  A ∩ B  C  ( x ) ,   v  A ∪ B  C  ( x ) ⟩ | x ∈ S }


  = { ⟨ x ,   𝜇   ( A ∩ B ) ( x ) ,   v   ( A ∪ B ) ( x ) ⟩ x ∈ S  }  C


  = ( A ∩ B  )  C


  A = ⟨   𝜇  A ,   v  A ⟩


  B = ⟨   𝜇  B ,   v  B ⟩


   Φ  − 1  ( B ) = (  Φ  − 1  (   𝜇  B ) ,  Φ  − 1  (   v  B ) )


   Φ  − 1  ( B )  ( x ) =  (  Φ  − 1  (   𝜇  B )  ( x ) ,  Φ  − 1  (   v  B )  ( x ) ) = (   𝜇  B  ( Φ  ( x ) ) ,   v  B  ( Φ  ( x ) ) )


  Φ  ( A ) = ( Φ (   𝜇  A ) ,   Φ ( v  A ) )


  Φ  (   𝜇  A )  ( x ) =  {     sup ⁡   {   𝜇  A  ( t ) : t ∈  Φ  − 1  ( y ) }         i f        Φ  − 1 ( y ) ≠ ∅   0                                                                               o t h e r w i s e


    Φ ( v  A )  ( x ) =  {     inf ⁡   {   v  A  ( t ) :     t ∈  Φ  − 1  ( y ) }               i f      Φ  − 1 ( y ) ≠ ∅   1                                                                                       o t h e r w i s e  


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A ( x y ) ≥ i n f {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


    v  A ( x y ) ≤ s u p {   v  A  ( x ) ,     v  A  ( y ) }


    𝜇  A : S →  [ 0 ,   1 ]


    𝜇  A  ( x ) =  {    0 . 6             i f           x ∈ E   0 . 4           i f           x ∈ O ,


    v  A : S → [ 0 ,   1 ]


    v  A  ( x ) =  {    0 . 5               i f           x ∈ E   0 . 7             i f           x ∈ O .


    x ,   y ∈ E ,  


    𝜇  A  ( x ) =   𝜇  A  ( y ) = 0 . 6  


    𝜇  A  ( x + y ) = 0 . 6  


    v  A  ( x ) =   v  A  ( y ) = 0 . 5


    v  A  ( x + y ) = 0 . 5


  x ,   y ∈ O


    𝜇  A  ( x ) =   𝜇  A  ( y ) = 0 . 4


    𝜇  A  ( x + y ) = 0 . 6  


    v  A  ( x ) =   v  A  ( y ) = 0 . 7


    v  A  ( x + y ) = 0 . 5


  x ∈ E


  y ∈ O


    𝜇  A  ( x ) = 0 . 6 ,     𝜇  A  ( y ) = 0 . 4  


    𝜇  A  ( x + y ) = 0 . 4 ,


    v  A  ( x ) = 0 . 5 ,     v  A  ( y ) = 0 . 7


    v  A  ( x + y ) = 0 . 7


    𝜇  A  ( x + y ) ≥ inf ⁡ {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


    v  A  ( x + y ) ≤  sup ⁡   {   v  A  ( x ) ,     v  A  ( y ) }


  x ,   y ∈ S


  A = ⟨   𝜇  A ,     v  A ⟩


  S =  { 0 ,   1 ,   2 ,   3 , 4   }


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( 0 ) =   𝜇  A  ( 1 ) =   𝜇  A  ( 2 ) = 0 . 6


    𝜇  A  ( 3 ) =   𝜇  A  ( 4 ) = 0 . 2


    v  A  ( 0 ) =   v  A  ( 1 ) =   v  A  ( 2 ) = 0 . 2


    v  A  ( 3 ) =   v  A  ( 4 ) = 0 . 6


  A = ⟨   𝜇  A ,     v  A ⟩


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A ( x y ) ≥   𝜇  A ( y )


    v  A ( x y ) ≤   v  A ( y )


  x ,   y ∈ S


    𝜇  A ( x y ) ≥   𝜇  A ( x )


    v  A ( x y ) ≤   v  A ( x )


  x ,   y ∈ S


  𝜇 : S → [ 0 ,   1 ]


  v : S → [ 0 ,   1 ]


    𝜇  A  ( x ) =  {    0 . 5             i f           x ∈ ℚ   0 . 3             i f           x ∉ ℚ ,


    v  A  ( x ) =  {    0 . 2           i f           x ∈ ℚ   0 . 7           i f           x ∉ ℚ .


  A = ⟨   𝜇  A ,     v  A ⟩


  S =  { 1 ,   2 ,   3 }


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A  ( 1 ) =   𝜇  A  ( 2 ) =   𝜇  A  ( 3 ) = 0 . 5


    v  A  ( 1 ) =   v  A  ( 2 ) =   v A  ( 3 ) = 0 . 3


  A = ⟨   𝜇  A ,     v  A ⟩


  S = { 1 ,   2 }


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A  ( 1 ) = 0 . 6   ,     𝜇  A  ( 2 ) = 0 . 4


    v  A  ( 1 ) = 0 . 2   ,     v  A  ( 2 ) = 0 . 5


  A = ⟨   𝜇  A ,   v  A ⟩  


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,     v  A ⟩


            𝜇  A  ( x w y ) ≥  inf ⁡   {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


    v  A ( x w y ) ≤ sup ⁡ {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


  w ,   x ,   y ∈ S


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A  ( 1 ) = 0 . 6 ,     𝜇  A  ( 2 ) = 0 . 5 ,     𝜇  A  ( 3 ) = 0 . 4 ,     𝜇  A  ( 4 ) = 0 . 4 ,     𝜇  A  ( 5 ) = 0 . 3 ,


    v  A  ( 1 ) =   v  A  ( 2 ) = 0 . 3 ,     v  A  ( 3 ) = 0 . 4 ,     v  A  ( 4 ) = 0 . 5 ,     v  A  ( 5 ) = 0 . 6


    v  A  ( 1 ) =   v  A  ( 2 ) = 0 . 3 ,     v  A  ( 3 ) = 0 . 4 ,     v  A  ( 4 ) = 0 . 5 ,     v  A  ( 5 ) = 0 . 6


  A = ⟨   𝜇  A ,     v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  w ,   x ,   y ∈ S


    𝜇  A  ( x w y ) =   𝜇  A  ( x w ) y ) ≥   𝜇  A ( y ) ≥ inf ⁡ {   𝜇  A  ( x ) ,     𝜇  A  ( y ) }


    v  A  ( x w y ) =   v  A (  ( x w ) y ) ≤   v  A ( y ) ≤ sup ⁡ {   v  A  ( x ) ,     v  A  ( y ) }


  A = ⟨   𝜇  A ,   v  A ⟩


    A  i  }  i ∈ ⋀


   ⋂    A  i


   ⋂    A  i = (  ⋀    𝜇    A  i ,      ⋁    v    A  i )


   


   ⋀    𝜇    A  i  ( x ) = inf ⁡ {   𝜇    A  i ( x ) | i ∈  ⋀  ,     x ∈ S }


   ⋁    v    A  i  ( x ) = sup ⁡ {   v    A  i ( x ) | i ∈  ⋀  ,       x ∈ S }


  A = ⟨   𝜇  A ,   v  A ⟩


  □ A = ⟨   𝜇  A ,     𝜇  A  C ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A ( x w  ( y z ) ) ≥ inf ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) ,   𝜇  A  ( z ) }


    v  A  ( x w  ( y z ) ) ≤  sup ⁡   {   v  A  ( x ) ,   v  A  ( y ) ,   v  A  ( z ) }


  w , z ,   x   , y ∈ S


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( 1 ) =   𝜇  A  ( 2 ) =   𝜇  A  ( 3 ) = 1


    𝜇  A  ( 1 ) =   𝜇  A  ( 2 ) =   𝜇  A  ( 3 ) = 1


    𝜇  A  ( 4 ) =   𝜇  A  ( 5 ) = 0


    v  A  ( 1 ) =   v  A  ( 2 ) =   v  A  ( 3 ) = 0


    v  A  ( 1 ) =   v  A  ( 2 ) =   v  A  ( 3 ) = 0


    v  A  ( 4 ) =   v  A  ( 5 ) = 1


  A = ⟨   𝜇  A ,   v  A ⟩


  M = { 1 ,   2 ,   3 }


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x ) =  {    1               i f       x ∈ M   0           o t h e r   w i s e


    v  A  ( x ) =  {    0                 i f               x ∈ M   1                 o t h e r   w i s e .    


  A = ⟨   𝜇  A ,   v  A ⟩


  A  ( a ) = A (   a 2 )


  a ∈ S


  A = ⟨   𝜇  A ,   v  A ⟩


  A  ( a ) = A  (   a 2 )


  a ∈ S


  A = ⟨   𝜇  A ,   v  A ⟩


  A  ( a b ) = A ( b a )


  a ,   b ∈ S


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A


    v  A  C


  A = ⟨   𝜇  A ,   v A ⟩


  □ A = ⟨   𝜇  A ,   𝜇  A  C ⟩


  ◊ A = ⟨   v  A ,   v  A  C ⟩


  f : S → T


  B = ⟨   𝜇  B ,   v  B ⟩


    f  − 1  ( B ) = (   f  − 1  (   𝜇 B ) ,     f  − 1  (   v B ) )


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛾 y ) ≥  min ⁡   {   𝜇  A  ( x ) ,   𝜇  A  ( y ) } ,   ∀   x , y ∈ S   a n d     ∀ 𝛾 ∈ 𝛤


    v  A  ( x 𝛾 y ) ≤  max ⁡   {   v  A  ( x ) ,   v  A  ( y ) } ,   ∀ x , y ∈ S     a n d     ∀ 𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


  a ,   b ∈ S


  U  (   𝜇  A ,   𝜇  A  ( a ) ) , U  (   𝜇  A ,   𝜇  A  ( b ) ) , L  (   v  A ,   v  A  ( a ) )


  L (   v  A ,   v  A  ( b ) )


  U  (   𝜇  A ,   𝜇  A  ( a ) ) = S = U (   𝜇  A ,   𝜇  A  ( b ) )


  L  (   v  A ,   v  A  ( a ) ) = S = L (   v  A ,   v  A  ( b ) )


  a ∈ U  (   𝜇  A ,   𝜇  A  ( b ) ) ,   L (   v  A ,   v  A  ( b ) )


  b ∈ U  (   𝜇  A ,   𝜇  A  ( a ) ) , L (   v  A ,   v  A  ( a ) )


    𝜇  A  ( a ) ≥   𝜇  A  ( b ) ,     v  A ( a ) ≤   v  A ( b )


    𝜇  A  ( b ) ≥   𝜇  A  ( a ) ,   v  A ( b ) ≤   v  A ( a )


    𝜇  A  ( a ) =   𝜇  A ( b )


    v  A  ( a ) =   v  A ( b )


  a ,   b ∈ S


  (   𝜘  I ,   𝜘  I  c )


  x ∈ S


  (   𝜘  I ,   𝜘  I  c )


    𝜇  I  ( x ) =   𝜇  I ( a )


    v  I  ( x ) =   v  I  ( a )   ∀ a ∈ I


   (   𝜘  I  ( x ) ,   𝜘  I  c  ( x ) ) = ( 1 ,   0 )


  x ∈ I


  S = I


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛼 a 𝛽 y ) ≥   𝜇  A  ( a ) ,     ∀   x , y ∈ S     a n d       ∀   𝛾 ∈ 𝛤


    v  A  ( x 𝛼 a 𝛽 y ) ≤   v  A  ( a ) ,     ∀   x , y ∈ S     a n d         ∀   𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛾 y ) ≥   𝜇  A  ( y ) ,       ∀   x , y ∈ S       a n d       ∀   𝛾 ∈ 𝛤


    v  A  ( x 𝛾 y ) ≤   v  A  ( y ) ,       ∀   x , y ∈ S       a n d       ∀   𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛾 y ) ≥   𝜇  A  ( x ) ,       ∀   x , y ∈ S     a n d       ∀   𝛾 ∈ 𝛤


    v  A  ( x 𝛾 y ) ≤   v  A  ( x ) ,       ∀   x , y ∈ S     a n d       ∀   𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


  a 𝛾 b


  a ,   𝛾 ,   b


  a ,   b ∈ S


  𝛾 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A =  {    1             i f                                 x = 0   0 . 1           i f           x = − 1 , − 2  


    𝜇  A =  {    0                   i f               − 3 , − 6   0 . 4           o t h e r w i s e              


    v  A =  {    0                 i f             x = 0                       0 . 8           i f               x = − 1 , − 2


    v  A =  {    1                 i f             x = − 3 , − 6   0 . 5       o t h e r w i s e                            


  A = ⟨   𝜇  A ,   v  A ⟩


  {   A  i  }  i ∈ ⋀


    ⋂  i ∈ ⋀    A  i


  B =   ⋂  i ∈ ⋀    A  i


  x ,   a ,   y ∈ S ,   𝛼 ,   𝛽 ,   𝛾 ∈ Г


    𝜇  B  ( x 𝛾 y ) =   i n f  i ∈ ⋀ {   𝜇    A  i  ( x 𝛾 y )


  ≥   i n f  i ∈ ⋀ {  min ⁡   {   𝜇    A  i  ( x ) ,     𝜇    A  i  ( y ) } }


  = min ⁡ {     i n f  i ∈ ⋀ {   𝜇    A  i  ( x ) ,     i n f  i ∈ ⋀  {   𝜇    A  i ,  ( y ) }   }


  = min ⁡ {   𝜇  B  ( x ) ,     𝜇  B  ( y ) }


    v  B  ( x 𝛾 y ) =   s u p  i ∈ ⋀ {   v    A  i  ( x 𝛾 y ) }


  ≤   s u p  i ∈ ⋀ {  max ⁡   {   v    A  i  ( x ) ,     v    A  i  ( y ) } }


  = max ⁡ {   s u p  i ∈ ⋀  {   v    A  i  ( x ) } ,   s u p  i ∈ ⋀  {   v    A  i  ( y ) }   }


  = max ⁡ {   v  B  ( x ) ,   v  B  ( y ) }


    ⋂  i ∈ ⋀    A  i


    𝜇  B  ( a ) =   i n f  i ∈ ⋀ {   𝜇    A  i ( a ) } ≤   i n f  i ∈ ⋀ {   𝜇    A  i  ( x 𝛼 a 𝛽 y ) =   𝜇  B ( x 𝛼 a 𝛽 y )


    v  B  ( a ) =   s u p  i ∈ ⋀ {   v    A  i ( a ) ≥   s u p  i ∈ ⋀ {   v    A  i  ( x 𝛼 a 𝛽 y ) =   v  B ( x 𝛼 a 𝛽 y )


    ⋂  i ∈ ⋀    A  i


  A = ⟨   𝜇  A ,   v  A ⟩


    □ A = ⟨   𝜇  A ,   𝜇  A  C ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  ◊ A = ⟨   v  A  C ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  □ A


  ◊ A


  A = ⟨   𝜇  A ,     v  A ⟩


    𝜇  A


    v  A  C


  t ∈ [ 0 ,   1 ]


  U  ( 𝜇 ; t ) = { x ∈ S   : 𝜇 ( x ) ≥ t }


  L  ( 𝜇 ; t ) = { x ∈ S : 𝜇 ( x ) ≤ t } )


  S = { a ,   b ,   c }


  𝛤 = { 𝛾 ,   𝛿 }


  U  ( 𝜇 ; t ) = { a ,   b }


  L  ( 𝜇 ; t ) = { b ,   c }


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ I m  (   𝜇  A )  ⋂  I m  (   v  A )


  t ∈ I m (   𝜇  A ) ∩ I m (   v  A )


  x ,   y ∈ U (   𝜇  A ; t )


  𝛾 ∈ Г


    𝜇  A ( x ) ≥ t


    𝜇  A  ( y ) ≥ t


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A ( x 𝛾 y ) ≥ min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( x ) ,   𝜇  A  ( y ) } ≥ t


  x 𝛾 y ∈ U (   𝜇  A ; t )


  U (   𝜇  A ; t )


  x ,   y ∈ S ,   a ∈ U (   𝜇  A ; t )


  𝛼 , 𝛽 ∈ Г


    𝜇  A ( a ) ≥ t


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A ( x 𝛼 a 𝛽 y ) ≥   𝜇  A ( a ) ≥ t


  x 𝛼 a 𝛽 y ∈ U (   𝜇  A ; t )


  U (   𝜇  A ; t )


  x ,   y ∈ L  (   v  A ; t )


  𝛾 ∈ Г


    v  A ( x ) ≤ t


    v  A ( y ) ≤ t


  A = ⟨   𝜇  A ,   v  A   ⟩


    v  A ( x 𝛾 y ) ≤ max ⁡ {   v  A  ( x ) ,   v  A  ( y ) } ≤ t


  x 𝛾 y ∈ L (   v  A ; t )


  L (   v  A ; t )


  x , y ∈ S ,     a ∈ L (   v  A ; t )


  𝛼 , 𝛽 ∈ Г


    v  A ( a ) ≤ t


  A = ⟨   𝜇  A ,   v  A ⟩


    v  A ( x 𝛼 a 𝛽 y ) ≤   v  A ( a ) ≤ t


  x 𝛼 a 𝛽 y ∈ L (   v  A ; t )


  L (   v  A ; t )


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ [ 0 ,   1 ]


  A = ⟨   𝜇  A ,   v  A ⟩


  t ∈  [ 0 ,   1 ] ,


  U (   𝜇  A ; t )


  L (   v  A ; t )


  A = ⟨   𝜇  A ,   v  A ⟩


  x , y ∈ S


  𝛾 ∈ Г


    t 0 = min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) }


    t 0 = min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) }


    t 1 = max ⁡ {   v  A  ( x ) ,   v  A  ( y ) }


  x , y ∈ U  (   𝜇  A ;   t 0 )


  x , y ∈ L (   v  A ;   t 1 )


  x 𝛾 y ∈ U  (   𝜇  A ;   t 0 )


  x 𝛾 y ∈ L (   v  A ;   t 1 )


    𝜇  A  ( x 𝛾 y ) ≥   t 0 = min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) }


  x 𝛾 y ≤   t 1 = max ⁡ {   v  A  ( x ) ,   v  A  ( y ) }


  A = ⟨   𝜇  A ,   v  A ⟩


  x ,   a ,   y ∈ S


  𝛼 ,   𝛽 ∈ Г


    t 2 =   𝜇  A ( a )


    t 3 =   v  A ( a )


  a ∈ U (   𝜇  A ;   t 2 )


  a ∈ L (   v  A ;   t 3 )


  x 𝛼 a 𝛽 y ∈ U (   𝜇  A ;   t 2 )


  x 𝛼 a 𝛽 y ∈ L (   v  A ;   t 3 )


    𝜇  A  ( x 𝛼 a 𝛽 y ) ≥   t 2 =   𝜇  A ( a )


  x 𝛼 a 𝛽 y ≤   t 3 =   v  A ( a )


  A = ⟨   𝜇  A ,   v  A ⟩


  𝜇  ( x ) ≔  {      𝛼 0             i f         x ∈ I                   𝛼 1             i f       x ∈ S − I


  v  ( x ) ≔  {      𝛽 0         i f           x ∈ I                   𝛽 1         i f         x ∈ S − I


  0 ≤   𝛼 1 <   𝛼 0


  ≤   𝛽 0 <   𝛽 1


    𝛼  i +   𝛽  i ≤ 1


  i = 0 ,   1


  A = ⟨ 𝜇 , v ⟩


  U  ( 𝜇 ;   𝛼 0 ) = I = U ( v ;   𝛽 0 )


    𝜒  I


  I = (   𝜒  I ,   𝜒  I  c )


  a + 𝛼 + b


  a ,   𝛼 ,   b


  a ,   b ∈ S


  𝛼 ∈ 𝛤


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x ) =  {    1                     i f     x = 4 n + 1   0 . 3             i f       x = 4 n + 3


    v  A  ( x ) =  {    0                   i f     x = 4 n + 1   0 . 6           i f       x = 4 n + 3


  A = ⟨   𝜇  A ,   v  A ⟩


  B = ⟨   𝜇  B ,   v  B ⟩


   Φ  − 1  ( B ) = (  Φ  − 1  (   𝜇  B ) ,  Φ  − 1  (   v  B ) )


  A = ⟨   𝜇  A ,   v  A ⟩


  Φ  ( A ) = ( Φ  (   𝜇  A ) , Φ  (   v  A ) )


  B = ⟨   𝜇  B ,   v  B ⟩


  B = ⟨   𝜇  B ,   v  B ⟩


  x , y ∈ S


  𝛾 ∈ Г


   Ф  − 1  (   𝜇  B )  ( x 𝛾 y ) =   𝜇  B  ( Ф  ( x 𝛾 y ) ) =   𝜇  B ( Ф  ( x ) 𝛾 Ф  ( y ) )


  ≥ min ⁡ {   𝜇  B  ( Ф  ( x ) ) ,   𝜇  B  ( Ф  ( y ) ) }


  = min ⁡ {  Ф  − 1  (   𝜇  B )  ( x ) ,  Ф  − 1  (   𝜇  B )  ( y ) }


   Ф  − 1  (   v  B )  ( x 𝛾 y ) =   v  B  ( Ф  ( x 𝛾 y ) ) =   v  B ( Ф  ( x ) 𝛾 Ф  ( y ) )


  ≤ max ⁡ {   v  B  ( Ф  ( x ) ) ,     v  B  ( Ф  ( y ) ) }


  = max ⁡ {  Ф  − 1 (   v  B  ( x ) ,  Ф  − 1  (   v  B )  ( y ) }


   Ф  − 1  ( B ) = (  Ф  − 1  (   𝜇  B ) ,  Ф  − 1  (   v  B ) )


  x ,   y ,   a ∈ S


  𝛼 ,   𝛽 ∈ Г


   Ф  − 1  (   𝜇  B )  ( x 𝛼 a 𝛽 y ) =   𝜇  B ( Ф  ( x 𝛼 a 𝛽 y ) )


  =   𝜇  B ( Ф  ( x ) 𝛼 Ф  ( a ) 𝛽 Ф  ( y ) )


  ≥   𝜇  B  ( Ф  ( a ) ) =  Ф  − 1  (   𝜇  B ) ( a )


  And


   Ф  − 1  (   v  B )  ( x 𝛼 a 𝛽 y ) =   v  B ( Ф  ( x 𝛼 a 𝛽 y ) )


  =   v  B ( Ф  ( x ) 𝛼 Ф  ( a ) 𝛽 Ф  ( y ) )


  ≤   v  B  ( Ф  ( a ) ) =  Ф  − 1 (   v  B ( a )


   Ф  − 1  ( B ) = (  Ф  − 1  (   𝜇  B ) ,    Ф  − 1 ( v  B ) )


  A = ⟨   𝜇  A ,   v  A ⟩


  ( Ф  (   𝜇  A )  (   x ′ ) =   s u p  Ф  ( x ) =   x ′ {   𝜇  A  ( x ) }


    x ′ ∈ T


   ( Ф  (   v  A ) )  (   x ′ ) =   i n f  Ф  ( x ) =   x ′ {   v  A  ( x ) }


    x ′ ∈ T


  Ф  ( A ) = ( Ф  (   𝜇  A ) , Ф  (   v  A ) )


    x ′   , y ′ ∈ T


  𝛾 ∈ Г


   ( Ф  (   𝜇  A ) )  (   x ′   𝛾 y ′ ) =   s u p  Ф  ( z ) =   x ′ 𝛾   y ′ {   𝜇  A  ( z ) }


  ≥   s u p  Ф  ( x ) =   x ′ , Ф  ( y ) =   y ′ {   𝜇  A  ( x 𝛾 y ) }


  = min ⁡ { ⁡   s u p  Ф  ( x ) =   x ′  {   𝜇  A  ( x ) } ,     s u p  Ф  ( y ) =   y ′  {   𝜇  A  ( y ) } }


  = min ⁡ {  ( Ф  (   𝜇  A ) )  (   x ′ ) ,  ( Ф  (   𝜇  A ) )  (   y ′ ) }


   ( Ф  (   v  A ) )  (   x ′   𝛾 y ′ ) =   i n f  Ф  ( z ) =   x ′   𝛾 y ′ {   v  A  ( z ) }


  ≤   i n f  Ф  ( x ) =   x ′ , Ф  ( y ) =   y ′ {   v  A  ( x 𝛾 y ) }


  ≤   i n f  Ф  ( x ) =   x ′ , Ф  ( y ) =   y ′ {  max ⁡   {   v  A  ( x ) ,   v  A  ( y ) } }


  = max ⁡ {   i n f  Ф  ( x ) =   x ′  {   v  A  ( x ) } ,     i n f  Ф  ( y ) =   y ′  {   v  A  ( y ) } }


  = max ⁡ {  ( Ф  (   v  A ) )  (   x ′ ) ,  ( Ф  (   v  A ) )  (   y ′ ) }


  Ф  ( A ) = ( Ф  (   𝜇  A ) , Ф  (   v  A ) )


    x ′   y ′   a ′ ∈ T


  𝛼 ,   𝛽 ∈ Г


   ( Ф  (   𝜇  A ) )  (   x ′ 𝛼   a ′ 𝛽   y ′ ) =   s u p  Ф  ( z ) =   x ′   𝛼   a ′ 𝛽   y ′ {   𝜇  A  ( z ) }


  ≥   s u p  Ф  ( x ) =   x ′ , Ф  ( a ) =   a ′ , Ф  ( y ) =   y ′ {   𝜇  A  ( x 𝛼 a 𝛽 y ) }


  ≥   s u p  Ф  ( a ) =   a ′ {   𝜇  A  ( a ) }


  =  ( Ф  (   𝜇  A ) ) (   a ′ )


   ( Ф  (   v  A ) )  (   x ′ 𝛼   a ′ 𝛽   y ′ ) =   i n f  Ф  ( z ) =   x ′   𝛼   a ′ 𝛽   y ′ {   v  A  ( z ) }


  ≤   i n f  Ф  ( x ) =   x ′ , Ф  ( a ) =   a ′ , Ф  ( y ) =   y ′ {   v  A  ( x 𝛼 a 𝛽 y ) }


  ≤   i n f  Ф  ( a ) =   a ′ {   v  A  ( a ) }


  =  ( Ф  (   v  A ) ) (   a ′ )


  Ф  ( A ) = ( Ф  (   𝜇  A ) , Ф  (   v  A ) )


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  x ,   y ∈ S


  𝛾 ∈ Г


    𝜇  A ( x 𝛾 y ) ≥   𝜇  A ( x )


    𝜇  A ( x 𝛾 y ) ≥   𝜇  A ( y )


    𝜇  A ( x 𝛾 y ) ≥ min ⁡ {   𝜇  A  ( x ) ,   𝜇  A  ( y ) }


    v  A ( x 𝛾 y ) ≤   v  A ( x )


    v  A ( x 𝛾 y ) ≤   v  A ( y )


    v  A ( x 𝛾 y ) ≤ max ⁡ {   v  A  ( x ) ,   v  A  ( y ) }


  A = ⟨   𝜇  A ,   v  A ⟩


  x ,   a ,   y ∈ S


  𝛼 ,   𝛽 ∈ Г


    𝜇  A  ( x 𝛼 a 𝛽 y ) =   𝜇  A ( x 𝛼  ( a 𝛽 y ) ) ≥   𝜇  A ( a 𝛽 y ) ≥   𝜇  A ( a )


    v  A  ( x 𝛼 a 𝛽 y ) =   v  A ( x 𝛼  ( a 𝛽 y ) ) ≤   v  A ( a 𝛽 y ) ≤   v  A ( a )


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  x ,   y ∈ S   ,   𝛾 ∈ Г


  x ∈ S  


  a ∈ S


  𝛼 ,   𝛽 ∈ Г


  x = x 𝛼 a 𝛽 x


    𝜇  A  ( x 𝛾 y ) =   𝜇  A ( x 𝛼 a 𝛽 x 𝛾 y ) ≥   𝜇  A ( x )


    v  A  ( x 𝛾 y ) =   v  A ( x 𝛼 a 𝛽 x 𝛾 y ) ≤   v  A ( x )


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  f ∈ A u t ( S )


  f  (   A  2 , 3 ) = 2   A  2 , 3


  f ∈ A u t ( S )


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x ) =  {    0 . 3         i f     x =  (       0  0  0      0  0  0 )   0 . 2                                 o t h e r w i s e


    v  A  ( x ) =  {    0 . 6             i f         x =  (       0  0  0      0  0  0 )   0 . 8           o t h e r w i s e                              


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( f  ( x ) ) =   𝜇  A ( x )


    v  A  ( f  ( x ) ) =   v  A  ( x )   ∀   x ∈ S


  ∀   x ∈ A u t  ( S )


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ I m (   𝜇  A ) ∩ I m (   v  A )


  t ∈ I m (   𝜇  A ) ∩ I m (   v  A )


  U (   𝜇  A ; t )


  L (   v  A ; t )


  f ∈ A u t ( S )


  x ∈ U (   𝜇  A ; t )


    𝜇  A ( x ) ≥ t


    𝜇  A ( f  ( x ) ) ≥ t


  f ( x ) ∈ U (   𝜇  A ; t )


  f ( U (   𝜇  A ; t ) ⊂ U (   𝜇  A ; t )


  x ∈ U (   𝜇  A ; t )


  y ∈ S


  f  ( y ) = x


    𝜇  A  ( y ) =   𝜇  A  ( f  ( y ) ) =   𝜇  A ( x ) ≥ t


  y ∈ U (   𝜇  A ; t )


  f ( y ) ∈ f ( U  (   𝜇  A ; t ) )


  x ∈ f ( U (   𝜇  A ; t )


  U (   𝜇  A ; t ) ⊂ f ( U  (   𝜇  A ; t ) )


  U  (   𝜇  A ; t ) = f ( U  (   𝜇  A ; t ) )


  U (   𝜇  A ; t )


  L (   v  A ; t )


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ [ 0 ,   1 ]


  A = ⟨   𝜇  A ,   v  A ⟩


  U (   𝜇  A ; t )


  L (   v  A ; t )


  t ∈ [ 0 ,   1 ]


  f ∈ A u t ( S )


  x ∈ S


    𝜇  A  ( x ) ≔   t 0


    v  A  ( x ) ≔   t 1


  x ∈ U (   𝜇  A ;   t 0 )


  x ∈ L (   v  A ;   t 1 )


  U  (   𝜇  A ;   t 0 ) = f ( U  (   𝜇  A ;   t 0 ) )


  L  (   v  A ;   t 1 ) = f ( L  (   v  A ;   t 1 ) )


  f ( x ) ∈ U (   𝜇  A ;   t 0 )


  f ( x ) ∈ L (   v  A ;   t 1 )


    𝜇  A ( f  ( x ) ) ≥   t 0


    v  A ( f  ( x ) ) ≤   t 1


    t 2 =   𝜇  A ( f  ( x ) )


    t 3 =   v  A ( f  ( x ) )


    t 2 ≥   t 0


    t 3 ≤   t 1


  f  ( x ) ∈ U  (   𝜇  A ;   t 2 ) = f ( U  (   𝜇  A ;   t 2 ) )


  f  ( x ) ∈ L  (   v  A ;   t 3 ) = f  ( L  (   v  A ;   t 3 ) )


  f


  x ∈ U (   𝜇  A ;   t 2 )


  x ∈ L (   v  A ;   t 3 )


    𝜇  A ( x ) ≥   t 2


    v  A ( x ) ≤   t 3


    t 0 ≥   t 2


    t 1 ≤   t 3


    𝜇  A  ( f  ( x ) ) =   𝜇  A ( x )


    v  A  ( f  ( x ) ) =   v  A ( x )


  A = (   𝜇  A ,   v  A )


    𝜒  I


  I = (   𝜒  I ,   𝜒  I  c )


  A = ⟨   𝜇  A ,   v  A ⟩


  a ,   b ∈ S


  < a >


  < b >


  a


  b


  x ,   y ,   u ,   v ∈ S


  𝛼 ,   𝛽 ,   𝛾 ,   𝛿 ∈ Г


  a = x 𝛼 b 𝛽 y


  b = u 𝛾 a 𝛿 v


  A = ⟨   𝜇  A ,   v  A ⟩


    𝜇  A  ( x 𝛼 b 𝛽 y ) ≥   𝜇  A  ( b ) ,     𝜇  A ( u 𝛾 a 𝛿 v ) ≥   𝜇  A ( a )


    v  A  ( x 𝛼 b 𝛽 y ) ≤   v  A  ( b ) ,     v  A ( u 𝛾 a 𝛿 v ) ≤   v  A ( a )


    𝜇  A  ( a ) ≥   𝜇  A  ( b ) ,   𝜇  A ( b ) ≥   𝜇  A ( a )


    v  A  ( a ) ≤   v  A  ( b ) ,   v  A ( b ) ≤   v  A ( a )


    𝜇  A  ( a ) =   𝜇  A ( b )


    v  A  ( a ) =   v  A ( b )


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩


  A = ⟨   𝜇  A   v  A ⟩


  A = ⟨   𝜇  A ,   v  A ⟩

